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ThLmissionpf the Wisconsin Center fdr Eduction Research
is to underJtand, amitp,help educators `deal with, diVersity
among students.

J.

The Center pursues its mission by conducting,
and synthesizing research,,developing strategies And materials,
and disseminating knoOledge bearing upon the education of - 4

individuals and diVerse groups.of students in elementary and
secondary schools. 'Specifically, the Centek-investigates

.

-.7.-

-*--diVerslty-ai-a-basid_fac3- of humans

studies of learning and development

Its diversity as a dentrakchal sge for educational'

14, :techniques, through studies classroom
proceises

.
.

.

o diversity as a key .1ssueln relations between
individuAls and institutions; through studies of
school processes------- -----

,
. -

.

diversit as a fundamental question in American
social thought, through studies of social policy
related to education' .- ,
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/ Abstract

41

.0

This mCiograph summarizes tie kindings from five related studies

carried out by the authors in Sandy illy, Tasmania.-Australia, in 1979-
4 .

- /-

4
80. The overall purpose of the ttudies was to examine

.
whether children

.. ,

, . . , '--
who differed in cognitive capacity learned.to add and subtract in dif -
. --

,
ferent ways.

The fiist study was designedto determine

a croslrsectional population of chile; The

the .memory capacity Hof

second study was designed.

o pmrtray differences on,a variety of mathematically related develop-
.

0.4

4 mental tasks for the same population of children. Data from these two
..-

_ r .
.

is.
, i

studies were used to form groups of children who differed in Cognitive
-. -k ,

..

capacity. Six groups were fdrmed via cluster analysis, with memory

e

capacity being the primary diltiiihithineeharacteristic.
-_

r The third, fourths and fifth studies each red a` 'sample of -stu-
,

_dents from the six cluster grOSps across grades. The third study

eXkLined both the performance and thi strategies these children used "!P
. '3

f . . .

tolsolve a structured set of verbal addition and subtraction problems.,

The.fourthitudy involved repeated assessment of .tte chi yen's per-
il

iqmance on a set of items measuring objectives related to addition

and subtraction. Finally, in the last study theserchildren and their

teachers were observed during classroom instruction,in mathematics to

see how additio'h and subtraction -were taughtand'whether instruction
.

varied because of the children's cognitive capacity. 4

Children:h.differences in capacity are _reflected in their perfor-

mance on both verbal and standard .problems and in the strategies .they

Lii
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use...to solve pr*iams. However, instruction does not vary for these1. 7t-

Children within classrooms. Thb picture which emerges is one of chil-

dren struggling to learn a variety of important concepts ana skills.
.

Some children arviimited by their capacity to handle information.
.

...Mt'.

1151i are able to solve a variety of problems by using invented strate-
4,

gietWithopelOich have not beep taught. They dismiss or fag.to see

the glue of the taught procedures in solving those problems. Finally,

the capacity-of children for processing information, the procedures

students have inventedto solve a veriety'Of problem', and dee way in

)

which instruction is carried out in schools are not related toreade .

-

other.

.

I
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tAN INTRODUCTION 0 THE SANDY RAY STUDIEg
1

,it _ ...

I \ . ;

i e / -
Tot,several centuries, being able to find none'sistmlspd. ° -

diffirences" bWbeqn considered one markof a sihooled,
peribn. Although today we'may.have expanded otir,:expW14-..
tionsabout wha-Itonstitutes literacy, we still. expect all
child ten to efiicienil carry oust operations on Whole ,
numbers. Yet,in spite these expectations abut the-
skills of addition and:anb action;, there has been little'
cahsensus about how,sliCh\aki s develop. (RoMberg 1982, p,

A

be.

.

The basic qu s Lion- undkr investiia
!

on was Do'ch*iarta php di f4- HP
4.

tin, cognitive proc ssing capicit9 ;43 add and subtract
.

differently? In raising this spas on,' we assumed that the evoluti4
_

. ,. 0

of children's performance on add
l

tip-and subtraction tasks must'be
--. 't ..- .-,-:

related both to the developin cbgnitiviabilitiesiand to their

:if

. . .

--engagement in rela .4 instmctiopal aCtiyities. di. _

. I
/ '. 0

s'.111a-five Studies reported n. thismonOgraph,repiesint_an_artempt -__::._
, * - .

,

to draw together data gathered f cud four perspectives ion
.

N ,
. -

viable in its own rights However, /-a
. , .

.11

this question. Eac14 persp'ctive

our-intent was to see whether in co
,

4

't how addition and subtraction\skillixd

inatioti.iitly'cOUld batter portray
.1

elop, Th'e.first approach,

:
,*.

the classical indi'idual differences peTspectivi, was ili use psycho-'
\

.
.

1 . . e .

metric techniques in two studies to identify studente with differing? -.
,

.L_, '

cognitive capakities. The second approach, from the cognitive pro-.

. . .,

_ceasing perspective, was to gather clinical interview data over time
.i*

l'

, -
i about the strategies children use to solve verbal addition and sub-,

et. .

,traction problems. The third'fApproach, from the qUasi-experlmeital

perspective, was to use. an achievement monitoring procedure to assess

O



r
pupilgr4th. 'The -final - approach the direct insirpction teaching

,

perspective; was 'to use a time-on-task obseryation.procedure to
.

dekermine the features of classroom instruction.. Each approach taken

e 4.
separately tends toexamine the phenoeena under consideration from,a

- . . s. . ..

.... A

miclioscopic voint of view. Oer'intention was to incorporate the data

. \ -
,

from the different sources intmeneNpfsture, since all were derived
.

.
.\,... ,

from the sameaeeple of children, with a view to seeing the phenomena
,

, .
macroscopically: By looking at the same phenomena from

.

different

. '

. for..Edu tion Research had concentrated its efforts on the
.1 '4

relationa p between instructional procesles, *lode, and materials ',
a .. '

r4 i /. - 1

.

x :o

1

and the,lecqu =ition of mathematical skills associated with

. , v

mathema4cal lea ins.. The work in this project led to the
. . ,. /

development of a. comp to elementary mathematics program, Developing

Mathematicai,Prodesses (DMP omberg, Harvey, Moser, & Montgomery,
1

1974, 1075, 1976). Although DMP was as on the available empirical

perspectives at the same time, insikhts might be gained which'would

not be revealed by a single lens at); pace no hatter how powerful the
. .

. . i as
lens.

The rationale
\

for integrating dat from these four perspectives

was set out-in a conceptual paper(Romb rg, Carpenter, & Moser, 1978).

In this paper the authors described how, for nearly a deiade.

(1968-11976) the Studies in Mathematics p oject at the Wisconsin Center

- :

evidence and theories of learning, development, ands ruction '(see

Romberg, 1977), a number of questions were raised as the pregram

being developed. .

troy assumptions had to biiidi:"Thesi assumptions were related

both to the way children learn mathematics and to the way inwtich

. .

13

r.
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I

teachers rally acted to the
. .=

was assumed that instruction

oped Mathematic's/ concepts.

been taken ased on' notions f

clasiroom. wig%

could be matched

3

regard to, the former,,it

t6 how J.earners devel-
. .

t ar

A Constructiviat position on learning had '

rom a Piagekianrcognitive-development

'mole]. oven, F972). In particular, Lovell hadlargaed that ;.

i
alongside the abstraction of the mathematical idea from the
physical situation, :here must be an introduction of the
relevant symbolism and the working of examples, involving,
drill and practice and problems on paper. (Lovell, 1972, p.
V177) , .

\ This led to Assumptions that pupili should work in small groups

on aptivities that involVed physical materials, students should have

opporiunity,to talk, and so forth (Lovell, 1972). Although these,

. assumptions seemed to be logical extensions of developmental theories,

there was little bard evidence about how specific number skills

-actually develop in children. Furthermore, the implications of these

notions to instruction lackedeimpirical support. .Teachers clearly

needed more than a brief outline axed a few suggestions to make a

workable instructional plan. Moreover, the-ways in which teachers

grouped children and interacted with them clearly played a sigfafidant

.part in what the children did. ,This last implication, in the final,

.

analysis, would seem to cetermine the outcome of instruction..

In short, it became clear that a more, complete picture was

required to describe children's cognitive capacity with matheiatical

material; to characterize the mathematical material to be learned; and'

. ,

to identify the features of classroom instruction such as how children
. -\. .

. 1

perform on instructional tasks, teacher actions in relation to the

presentationof mathematical material, pupil engagement, and teacher-
,

pupil interactions during lessons. Thus, from past work, it was clear

=V

0;
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that the interactions between -Capacity, content, and instruction

needed 6 be carefully-examined. . )

-0

CognitiVe Capacity

Many researchers in mathemitics edubation have indidated the

necessity to take heed of the child's intellectual abilities when

designing curriculum units and.instruCtional techniques. The problem ,

is that "although students bring lite tamathematic14,Chey add to the

.

instructional complexity, for they also bring to the activitie

Jun rangesof,their differences" (Romberg; 1977, p. 85). One must,

`have crii;iiiibout which differences are--64e considered. The

Criterii-asedin this study were based on claims from two sources.

The first was from the extensive work of a nuebei of educational

psychologists in the Thurstone.tradition of distinct mental abil ities.

From test scores and psychometric analyses,, hese psychologists

identified differential abilit ies, traits, aptitudei styles, and so

forth. For example, such characteristics as intelligence,'rate'of

learning, field independence /dependence, and spatial ability have been
-.

identified, and samples of

traits. These are assumed

1iological in origin, which

individuals in.the same way

students ordered from high to low on those

to be fixed, stable airacteristiCs,

describe intellectual differences between
I ,

as heitht, weight, stature, and so forth

describe physical' characteristics. Although we did not utilize tests

developed from this perspective, we used the psychometric strategy of

administering to each student a number of tests, scoring the tests,

and then relating the scores.

From work in Cognitive development, we chose the measures tobe

used-in the study. This perspective is based on information that
N

15
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individuals adaptively interact with the environment and gradually

evolve intellectual prqeesses through disContinuous'stagee. Rather

than being fixed, differences.betweeh individuals are 'viewed as af,-
.

function of growth. Children in the primary grades, for example,

usually are at a "concrete-operations" stage, think in terms of

J themselves (are esodLric)k and think of concrete referents near at

hand. Hence, they should not be expected to-reason about hypothet-
__

Leal, external situations.
9

The choice of tests from this perspective grew out of the work on

children's understanding of mathematics. This research gained-JO:Ts

following the failure of the "new math" programs to live up to ibeir

early expectations. Psychologists interested in mathematiCs learning

began to investigate developmental and learning phenomehtiby using

elementary mathematical material as a.vehicle (e.g., Collis, 1975).

These investigators used the clinical interview as& tea) pique for
'

studying the concepts which children had formed. in relation to their

- %
1

experience with mathematics. Much of the work was stim4llate4 by the

1

provocative notions of Jean Piaget (Inhelder & Piaget, 958). Later

interest was related to the work on memory capacity by Pascual-Leone°
/

.

(1976) and Case (19/2): Tillie view of,cognitive functioning enabled

1

psychologists to turnfrom the mere description of sages of develop-.

sent of mathematical thinking to an explanation of he phenomena which
0

kept appearing. in their work with individual children.

This evolution can be traced through the 'work of Collis (1971,

1974a, 1974b, 1975, 1976, 1978, 1980a, 1980b, 1982; Collis & Biggs,

1979; Biggs & Collis, 1982). The earlier papers use mathematical

items So describe arid, to some extent, to modify Piaget's stage theory

16
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(Inheider & 114t, 1958). The later papers, after about 1976,..,
!

*

i
: ,provide tentative explanations of the develOpmefitai phenclesna found

.

t? .earlier interim of'Case's.infOrmatioyprocessing theory (Case, 19,75) .

d .

,

The most recent papers (e.g.,'Biggs & Collis, 1982 describe\a

'
\

S I I

iv

re 41se model which, whileallowing for the. stage, phenomenon, placed

the emphasis on the increasing complexity of respOnsesNifthin'a given

stageN)

--In sUiluery,-, a psychOmettii straiegiWai adoilfed to determine

cognitive processing cappciiy. the initial task was to find and

administer measures of cognitive functioning which appeared logically

ttlatedyto the learning of mathematical material and which seemed to

be related to tile children's level Of cognitivedevelopment. We '

selected instruments which could be shown prime facie to contain tasks

related to early mathematical learning such as number conservation and

counting. We gave twobatteriesof tests. the first battery of tests

was designed to measure the memory capacity (14-space) of the child for
il

' processing' mathematical material"., The secbnd battery included tests
r

7
',.

,
constructed to measure. the child's leyel of cognitive development on

dimensions from the riagetienvpa'a, such as' conservation and

transitivity, and presumably related to mathematical ability.

We then used psychometric procedures, factor analysis, and

clutter analyses to interpret th data from both batteries and to

group children. From this aPprjach, we assumed that well defined sets

. .

_..
of children with specific cognitive characteristics could be iden-,

/

!
/

; 4.tified.
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Content to 'be Learned

We decided to examine children's early work in addition and

''subtraction for several reasons. First, this area represents Vte
it s .

,.

';first attempt that the school !Lakes to teaChswhat might- be recognized
.

N. a
ak formal mathematics. Second, a lot of work had been done at the

Wiscondin Center Moser, 1979) on logically analyzing the

semantic-syntactic relitilhOgip for these/mathematical skills as they

apply at the earlyelementary school level. Third., various
r

researchers had identilied.several strategies used by young children

Ver

to solve elementary addition and subtraction problems when theywere

presented in-eithet physical or verbal mode (see Carpenter, Moser, &

Romberg, 1982Y. Finally, a clinical observation- schedule for

assessing performance on some.addition and subtraction tasks had
0

recently been developed (Carpenter,& Moser; 1979).
0

To solve a typical addition and subtraction problem, one first

must unde'rstand its implied semantic meaning. Quantifying the ele-

ments of the problem comes next (e.g., chbosinga unit and counting

how many). Then, the

pressed in'theiryntax

implied semantics of the prOhIiai must be ex-

of.addition and4subtractiOn.4 Next the child

must be able to carry out the procedural {algorithmic) steps of adding

.
I ft

and subtractinkg. Finally, the results of these` operations must be

expressed. Children bring to such-problems well developed counting

proceduies, some knowledge-of numbers, and some understanding of

physical operations,'such as "joining" and "separating," on sets of

objects. Thus, from this context researchers have a unique opportun-

18
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ity to examine variations in how childrererocess information prior

"!.

to duQring, and after formal instruction. Studying how Children learn

. ,
io solv, ::dhiprOVIems is the 4nomenon addressed in this book.

Fi '4basic addition and subtraction semantic forms were identi-,

fiedby oaer (1979):

.1. . loihing--the process. of putting together Amo'reprsentations

which have an attribute-in common to fori a singlerepresentation

- with the same attribute;

400' 2. .separatingtheceverse of "joining" in

takin' apart of one representation with

make

that it represents the

a particular attribute to

two representations with the same attribute as the original;

3: dif ereme-ithe process-of determining Untixech more (or less)

the larger '(or- smaller) representation is thalf.the other;

4. part-part-towhole--a static relationship that exists between a

_ .

representation having a particular' attribute and two of.ita
-

colanonent .parts that areldisjoint from each.other;.and..
-

S. etuallagerthe process of making'two representations the same on

,

a particular attribute.

To build the connection be weer a semantic form and relevant
. t

. _
. 4

symbolism, one form, was- used-as model to introduce the symbOliem.

Given that there ate many semantid feria for which the same symbolic

sentence is appropriite$ the pedagogical problem is how to relate the,

symbol.! 3m with tie.seman;ie problems. Traditionally, the symbolism
1 *4

has iften_taught -independedt of word probleme., Then often the simbOlic

. \
irooederee-?ere taught, snd- some word problems Were assigned so that

_

No serious consider-students,conld applytheir symbolic procedures.

z
ation was given to the semantic structure bf the problems. It is no

_

19
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surprise, then, that for differenttypes'of problems students found
I.

little connection between the.probiems and the symbolic procedures

they had been. taught Xe.g.,'Vvgnaud., 1982).

When-developing MP we recognize& this problem and decided to

4. .1. z

use one semantic context to introduce and give meaning to the symbol-

and thento relate the symbolism to other semantic situations. In

the initial version of -AMP, equalizing was used.
T

his context proved

to be 'difficult for.borh.teachers anal students when ,examining other

3.

.

semantic forms. A revised'set ofmaterials was later developed in

whichjaurt-parimAdle was used, as the basic context (Koyiba.&Moser,_

19T9, 1980). .

The strategies identified by scholars (see Carpenter, Moser, &

Romberg, 1982) included the following:
. _

1. use of knowledge of "basic number- facts" whether simple ("Row
A

many children if there are 4 boys and girls?") oi complex, when
. ,

the-calculation required a rather sophisticated application.of a

known number fait together with some mental manipulation of the

numbers involved;
.

.2. use of representation skills which usually involved the modeling
... .

of a number given in'a verbal mode with objects .or pictures;
,

.
t

. 4
3. use of counting --counting all, counting on, orcountAng back- -all.

.

with or without use oiphysical or piqtori 1( 1 representation '

involving one -to -one correspondence.

Of significant interest to researchers and teachers must be:the link,

if any, between the logical analysis of the semantic forms'of problems

and the strategies Children actually, use to solve such problems.
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Several' points were noted !at the 'outset of thispproject. First,
. . A

',

many children seemed to iave developed the."priaitive" or "child"
. ,

. ,,

j.strategieseptior to sc ool-learnini:experiencesfot at least prior to
i.

. ,formal instruction conscilidated"efficient" methods' of eolutioi.

Second, the logical analysis of the operations would seem to imply

that these initial' strategies would becope more admore inefficient
4 /

as the number of semantic forms is increased, or the nuMbets,become

larger, or the number ofsteps necessary for aolution increases.

Thus, it wouldeeem to be a reasonable goal of mathematics'instfuction
- / - .

to teach mote formal, generalizable algotithmic procedures for solving

. rthe variety ofaddition and subtraction problems.

HoMever, little is known about several aspects
. /

and a/numberof questions arise. How will learning

-ical.procedures be affected 'by the degree, type, and success of the

"iprimitive" problewsolvingstrategies possessed' by the individual

r

of this process
. .

Of the *ethernet-

/child? H ow do the successful children finally pu t together their_

// "primitive" strategies with the formal mathematical modes of presents-
,

..tioni How dOes the teacher adapt instruction to take accOuntof the

child's demonstraited level of functioning in this area? Raising theses

questions leads to a consideration of the relationship of gleAeral

cognitive. functioning to performance by children on such problems.

Classroom Instruceion

Although the focusof this investigation was on the coaltive

capacity of children and how they solve verbal 'problems, the children

are being taught to add and subtract in ochobl. To capture some

aspects of classroom instruction, le decided on a-strategy that
)

nvo-sts--gathered-on-a-saitple-ef---
si

, 21
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levels-(gades.1, 2, and 3). It is at these grades that addition and

slibtraction skills-are taught. The 80:ple a students was to reflect

differences in cognitive caphciti.

I

Second, data on-the'performance of the.students would be

f I. .

. o

I

;

o
- f

tl
-

collected using an achievement monitoring battery recently developed ,

;

.

,..

.(Buchanan & Romberg, 1983). This battery provides information on a

variety of aspects of adding and subtracting, and in several
t.;

O

administrations profiles of growth can-be obtained. The profiles then
.

can be used as indicators of the effectiveness of-instruction.

Third, we decided to observe teacher actionsi pupil'actions, andt

teacher -pupil interactions-for those children at each grade level wh

differed in cognitive capacity. The proposition_that "teachers mak

difference"_has been4senttal t2, mucU of the previous work done on,

mathematics education at the Wisconsin Center for Education Besear h.

For example, de steps in the ICE Instructional Programming Model

(Klausmeier,1977) are all descriptions of actions teachers are o

take. In addition, as DMP was being developed,.a set of behavi fs was
A

.. .

---. specified for teachers to use in teaching the ptograi. Despit' these

. i

efforts, little evidence is available to substantiate the imp rtance
. -: / -

of teacher actions. Berliner (1975) probably pointed to the reasons

for this lack when he identified slong list of problems fa/ing

i

/
researchers who attempt to examine the relationships betwei n teacher

bihaviors and pupil performance. He saw methodology as je major
,

.

Y

category of impediments to progress in the area. /

The primary methodological proLlems that Berlineriidentified were
if

the inadequate framework for the conceptualization of/teacher tasks
.

-,/
\,..

_

. ,

and the assumed direct relationship between teacher sks and pupil
4
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performance. It is possible that ihk legical analyses of the pAbleiz,
i

:0
1 t,

i
." sUbse/puent to Berliner's rather peseimistic overiieiteare as fir-from
.

. V

gather
_

.
.

the realities involved in the classroom' as the analyses
I . t .4 .

0
caYried 'out on matheLatics curriculum programs in the 1950s and ,1960s

. ' .. ,

I or the logical application.oI general psychologists' theories of

development and learning to mathematics programs of adecade ago.

Perhaps whatis needed is afresh look at the problem.'

3

In this atudirwe decided to concentrate attention on the

teachers' actions as they related to children of known cognitive
Cb 7

characteristics and, moreover, on the same children's reactions

-0 .

related to the teachers' initiating action. The,approach should make
4

some move toward both assisting in conceptualizing the teachers' real'

tasks and testing the notion that the teacher has'aone discernible

effect on the pupil's- performance.

Another major criticism made-by Berliner was the.lackAat_that

time, of instruments that gave the researcher a clear understanding of

the meaning of data _gAthiered by objective tests or surveys. Moreover,

even when observational techniques were employed,ityas not,usual to-

code pupil actions. We decided to take advantage of recent adva des

in research tools in-thiii"smes4y-using the instrument develop d for

4
the study of instructional time with DEP (Romberg,' Small, Carnahan;-&-------------L-

,

° Cookson,i1979). This instrument takes into account the behavior of

. .

both-=teachers and children.

Conclusion

The studies were designed not only to gather and analyze data on

the four perspectives set out above, but also to examine the interac-

tions between ihe data sets=,J0kdaft-aly,*_lb e.are_a_nuidar of_

23
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interactions
.

whictiVould be of considecable interest, huiin view of
(

. .

oneInrerestp sndito break some new-iiouddAwe-diecided to concentrat

r

.

on the interaction between the child's cognitive processing capability
, ,.

, ( , 1 .
. .

.

- and' the other data' nets. '' \
.

. .

Wefirst,iden'tified 7i sample of children aged 4=41 years'with

. /..

i

.

.

specific cognitive characteristics. SaTp/e selection required measur-7 .

ing 14-space (Study 1) and measuring cognitive developmentl1 (Study 2) of
..

-i

--:7------------a7poptilation of-4 --to-8-year-oldth- Nexti-me-studied-theliatiMmattes------

i

.

1 .

performance, strategies used, and instruction, provided the sample over

a three-month period. In dinical Interviews the childrenfi perfor-

t 1

mance and strategies were determined with a set of verbal'additien and
.. .

subtraction problems (Study 3). Achievement was measured with a set.

of standard written addition and subtraction tasks (Study 4). The

and'nature of the instruction provided and children's actions and:engage-
.

meat were determined in classroom observations (Study 5)-.

We assumed that from this set of.studiea we would be ableito

relate performance at a given time (in terms of 'lever achieved
:

strategy adopted) to the child's cognitive capability and to a:speci-

fic set of instructional a tivities the child has been engaged !with.

In this way, we could co ider various questions about change in
.

_performance and strate _and_their-possible causes,

The various resea4tch tectiniqueeused, the data gathered, and

their analysis are 44scribed in the next four chapters, Chapter2 is

concerned with th means we uled to characterize the cognitive proces-
;.

sing capabiliti s in Studiesli and 2. Chapters 3 and 4 relate the

cognitive level. of each group,to addition and subtraction problems.

V
is

10

io
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In chapter 3 the individual clinical interview data coded for both
.,

i., 0 . . -,

performance and strategies used4by the'child, is presented (Study 3).
\ ,

4
j '.
1 In chapter 4 achievement on paper-ad-pentill tests of addition-and.

r .
.

. ,
. :

.....

subtractiOnds ',mental. 0In Chapter 510e.sattefapt to telate.cognitive
...

.

1

c

level to teacHer-pupirinteractions.' Chapter.6 provides a summary of

the findings and some conciusionsWhit draw together th& understand-

ings obtained through the 'studies and su eats some direction for

further research.'

1

A.

\

In 1979 qie ReseardhiCommittee of the Graduate School, at the

irniversitY of Wisconsin-Madison, the Wisconsin Center for ,Education
Research, and'the -University:of Tasmania jointly funded the principal
investigators' to carry out the proposed series of studies relating
children's cognitivekapacity to their performance and to the;''
strategies they used when working addition and subtection problems.

.4"

V.

1
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Chapter 2
? ' \. .

.

IDENTIFICATION OF GROUPS OP CHILDREN WHO DIFFER IN.

- CEIGNIT/Mg PROCESSING CAPABILITIES .

.._,...
. \- '

., . " -
%

. ""4- -

k,

pi this chapter the classification of children Tio grdups ;

4r
according to their cognitive processing capabilities withomathetitiadl.

materials is presented: CognitiVe processing capTi is a derived

categorization label based on a combinitionof measureslofworkilig
A ..

memory oapacity, {M- space) and nee;4ures of the level of cognitive
1'

development as determined by the-Piagetian model. The Wnpite mea
. _

4 _ .

-sures were the basis of the classification of children intro cate-
-..,, 7

a

4

gorier, while 'the developmental tests give an indication of develop'

.meatal'criteria which are applicable within each category.

The Population .
.

All of the chilaten in Sandy Bay-Infant School inAiebart, Tas-
4 .

mania, were tested for this study. .The school is located on the _ _
. .

Derwent River in Sandy Bay; a suburb of Hobart near the University of
...._._ _ . _

- * s 1 . ..,

Tasmania. The community is) middle to upper-middle_class Table 1
. .

characteristics of the sample and

/
. \

__

..1 -, '

.

gives details about the age/grade

number of children involved,

Test Administration

;

t

A research assistant and two experienced teachers'were hired to

administer thetests. All were trained before the testing proceel7d.

Onf interviewer administered, the Counting Spans test; a second the

NI

Mr. Cucui test; and the'third the Digit Placement and the'Backward

.11,

15 2s77

Se

1 tt



Table 1
N

Age/Grade Cfiaracteristici.of Population

1 2`. 3 . 4, 5

t-AM ,Gr. 1 ' Gr. l /2, %Gr. 2 Total

Youngest 4.9* 5.0 5.4

Oldest 5.1 5.7 6.1

Average 4;11 5.4' 5.10
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Digit Span tests. Children were randomly selected by their teacher to

come to the interview room and randomly assigned to an interviewer.

Most children took two teats on,one.day and the other two a day or two

later. All testing was completed within ten days.
, A

a \ i .
Study 1-44-space.

Information processing theories are based on the idea that mental

functions can be characteilzed in terms of the way information'is

stored, accessed, and operated"upon. Mental structures are discussed

4n terms of an intake register through which information from the

environment enters the system, a working or short-term memory

(M-space) in which the actual information processing occurs, and a,

long-terin memory in whith knowledge is,stored.,

The working memory's growing capacity to process information

appears as a fundamental characteristic of cognitive development in a

number of theories (Bruner, 1966; Case, 1978a; Flavell, 1971). Young

children are quite limited in their ability to deal with all the

information demands of complex tasks. 'Their limited capacity seems to

be a critical developmental factor which constrains learning in

instructional. situations (Case, 1975, 1978a, 1978b).

Pascual-Leone (1970, 1976) proposed a theory' which operational-
,

izea the development of this information processing-capacity or

M-space. According to this theory, learning is a change in behavior

resulting from factors extrinsic to the psychological system. Learn-

ing produces a change in the repertoire of schemes (internally repre-

sented behavioral units or patterns) available to the subject. Since

*apace le limited, the number of information chunks which can be

4

28
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coordinated to produce a new scheme is limited. Therefore, the

complexity of schemes learned is iIso limited; the processes of

learning are constrained by the developing psychological system.

Pascual-Leoness theory is concerned with the functional aspects of

development and the mental processing of information. Learning

through instruction depends on tea child's capacity to process all of

the, essentia incoming information:

TO generat6 hypotheses about.children's performance on specific

tasks, both the information processing capacity (M-space) of the child

and the informition piocessing demands of the task must be known.

This study addresses the problem of assessing,information Processing

capacity.

The rationale for giving a set-of different tests to measure the

construct is based on .the results of two recent studiesr one by

Hiebert.(1979), in which the measure of'M-space, (DC0; Digit Span)

proved not tc be predictive of learning mathematical skills, and

another by Case and Kurland (1978) in which three different measures

ofaM-space (Counting Span, Mr. Cucui, and Digit Placement)' were given.

Although in Case and Kurland's study, positive correlations (.50 to

.60) were found between the three tests, the consistency between the

measures was not high. Recent work by Case and associates (Case,

Kurland, Daneman, & Emmanuel, 1979), suggests that,it may be very

difficult to cotatruct any one general measure of lispace which will

predict performante on a wide range of tasks. Their datatindicate
1

that task variables may be more important than previously supposed in

determining the M-space demaids of a particular' task, Thus; we

decided to use the three tests from Case and Kurland's study along

29
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with the Backward Digit Span test from Hiebert's study to see if t

together they would yield an estimate of a child's M-spkce. The tests

chosen also seemed appropriate in terms of the task va,iables involved

in learning to add and subtract.

Procedures 4

The Tests

Counting Span. ,This test was developed by Case and Kprland

(1978). Conceptually, it is straightforward. The operation require

is counting. The items which must be stored are the products of a

series of counting operations. Children are presented wirit a segue ce

of arrays of geometric shapes to count and are asked to recall the

number of objects in the arrays preceding the current trial as soo as

thpy have finished counting ther.shapes on the current stimulus card..

Is
,

The numberof avays in the set ibincremented from trial.to tria and
3

the child's M-space is assumed to be equal to the maximum number

'"

arrays which he or she can count while maintaining perfect recal

.

The/test includes 33 items. However, at most, only five.it me

were scored at any one of five M- -space levels. To reduce,the t tal.

number of trials a-modified "ceiling basal" metiirid was used (Ba Helder

& Denny,'1977). Children were presented with sets from different

f

M-space'levels until it was determined at what level they pass d and

at.what level they failed. They were then presented with a lager

number of trials until the level of complete success and the ]level of

complete failure had been determined.

Mr. Cucui. This measure was designed in Pascual- Leone' labors-

' // 4,

Cory by DeAvila, for use 4ith children with an imperfect commartd of

I
` $ /
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0 English (DeAvila & Havassy, 1974). It was quick toadminister and

suitable for use with foqr,-year-olds as well as older children.

On each trial, children are presented with the outline of Mr.

Cucui. After viewing it for five seconds, they are told to-remember

what parts of his body are colored. They are then presented with a

blank outline drawing of Mr. Cucui and told to point to the pats

which were colored. There are 25 items, five differeMt Jima at each

of five levels; a level is defined as the number of body parts which

are colored.

This test is .Che only one which does not require the student to

count or use numbera.....instead,'recall of spatial location is required

to respond correctly. The ceiling-basal method }ias followed for the

Counting Epin test. _

, Digit'Placement: This is a measure of M-srlace which was

oped and standardized' by Case. It is known to ield the same norms as

!other tests of lispace (cf,. Case, 1972), and to load tfthly on the

general factor defined by more lengthy litests(such ad Pascuai-LOone's

/
CPI ase & Globerson, 1974). The basic prqcedure is to present

sUbjects with a set of iiimbers. The first /- 1 Of thesi-ire in

ascending order of magnitude and the nth i out of order (e.g., 2, 5,

9, 12, 1). After the numbers have disapp ared from view, the children
Ij

are asked to ineicate where the final n Ober belongs in the original

series. M-apace correspoids to the maximum set size for which the.
task can be executed successfully. /For this test, there are 15 items;

five for each of three leVels; 1 elml'and 5 as measured in the two

tests above are not tested. All items were given to each subject.

ii 31
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Backward Digit Span. -The form used in this study was developed

by Hieberi (1979). On each trial, the experimenter reads a series of

digits. The subject is to repeat them in the reverse order. M-space

-. .

corresponds to the maximum series size correctly repeated. In this

test, there are 40 items (10 at each of four levels; level I as
4

measured in the first two tests is not tested and all items were given

to each student.

Scoring the Tests vo

Although each item could obviously be scored correct or incorrect

and the'total c'orrect counted to estimate each child's M-space level,

there were at least two sound reasons why this procedure woul4 be

inadequate. First, since sets of items in each test were designed to

measure different levels of M-space item scores would need to be

weighted to reflect thosejevels--especially as two of the tests did

not aim to measure all five levels. Second :since the "ceiling basal"

procedure was used with two of the tests, some items were not actually

administered to each child; Items not administered but at a level

lower than where the child responded correctly were scored correct and
4

1

1

all items at a level higher than where the child responded correctly

were scored incorrect.

Four scoring rules were devised or each test. The full details -

regarding those are available in Romberg and Collis (19$0a) and will

not be reported here. The scoring method S
3
was finally deemed the

r.

most satisfactory,' and was used in analysis, ,and is_ used for, the

discussions in this chapter. The general rule for scoring the tests

was as.follows:

S 1 +
1
+

2
+ . . z

n

32



where n = the number of levels represented in the test
4

and

where Z = 1 if 4/5 or 5/5 items were correct, otherwise

.Z
i

O.

Do not seoreZi 1'if Zi # 1.

The only difference was for'the Backward Digit.Span test for which the

following line was substituted:

Results

where Z. = 1 if 8/10, 9/10, or 10/10 items were correct.

Table 2 shous'the frequency of scores 0-space level) for

"children in each class and for the total population for each test. In

. -

addition, class means and standard deviations are presented.
. . 4

The basic distributions of scores for the four memory tests

provide two interesting results. First, although older children

generally have higher scores, the overlap of scores along children at

different grade levels.is quite striking. Scores are clearly age- s

related but do not appear to be speeifieelli determineckby age.

Second, the variation of M-space levIA for individual children across

teste(note variation in within-class frequencies aeross,tests) could

imply that the context of the text may give students a cue which helps

them answer questions. .In addition,, i partial level scores are

allowed for

they can be

children answering items on a,test at a higher level than

credited with under scoring procedure S3, it is_a reason-
.

able deduction, on the evidence from the protocols, that the move from

one level of 14-space to another is gradual.

33
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Class

Table 2

--------17iiiiiiiWasCores for the MrSpace Tests,

Score.

0 . 1 3 4

Counting Span Test

5 SD

23

(1) KAM
.-

,22 3 ' 1.12 .33

(2) K-PM 1 9 9 1 , 1.50 .69

(3) Prep 11 9 1. 1.52 ..60

(4) Gr. 1 . 4 ' 15 3 1.96 .57

(5) Gr.-1/2 1 15 8 2.29 .55

(6)- Gr..2 2 12 12 1 2.44 .70'

Totals 49 63 25 1 0 1.83 .75

Mr. Cucui Teit

(1) K-AM -
' 12 12 1 1.56 .58

(2) KrIM 5 , 11 2 1.75 .64

(3) Prep 4 12 5- 2.05 .67
, (4) Gr. 1 - :1 9 . 8 4 2.68 .84

(5) Gr. 1/2,....---- 1 9 7 2 3:21 .93

(6) Gr. 2 1 6 7 11 2 3.26 1.02

Totals 0 25 '56 32 22. 4 2.45 1.05

Digit Placement Test

,(1) K-AM 24 1

(2) K7BM 20
(3) Prep 19 2

- (4) Gr. 1 . 18. 3 1

(5) Gr. 1/2 12 6
,

.

(6) Gr. 2 5 1 2 19

Totals
4

1.08 .40

1.00 .00 .

1.10 .30

1.23 .53

2:005, '1.25

3.30 1.2p

98 12, 4 25 f 0 1.68 1.17

Backward Digit Span Test

(1) K--AM 13 12 1.48 .51
(2) K-PHP ' 2 18 1490 .31

(3) Prep 1 20,,, 1.95 ' .22

(4) Gr. 1 18 4 2.18 .40

(5) Gr. 1/2 16 8 2.33 .48

(6) Gr. 2 8- 15 ' 4 2.85 .66

Totals 0 16 92 27 4 0 2.14

4

4



Relationship of Scores'on the Tests

, Each of the tests, it uss.hoped, would reflect the amount of

0" '1

M-space available to the children with early math related material.

RoweJer, the tasks are different; the,student population dovered

wide age/grade range; and children's scores demonstrated considerable,

variation,in performance. Thus, it was important to investigate with

some care whether the different tests yielded similar classifications

of children. Three statistical procedures were performed en the data:

(1) a correlation matrix was set up to show the correlatibns between

the scores from the four tests for the total population; (z the data

for all pairs of tests were cross tabulated to see haw many classifi-1

cat4ons were the samerand (3) a factor analysis was performed on the

correlationmatrix to determine the dimensionality of the scores.
4

Correlations' of test scores. The correlations (see Table 3)

while all positive and statistically significant, are not pirticularly

high. The'highest is only .64. it seems clear that different tests

will not necessarily classify children into thi.same M -space levels.

. Cross tabulations of scores for the four tests. To examine the

similarity between classification schemes based on the four tests, we

cross tabulated the data for each test with each other test. The

proportion of students who were classified-inea7the same categories

and:Into.different categories in each comparison is shown in Table 4.
. - .

The percentage of individuals who were differently classified in the

comparisons range froie 68% to 46%.

% This cross tabulation demonstrates that the tests classify
LA

children in different ways. If these different classifications are

aloig a singledimension,gthere is not a serious problem; it would

35
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Correlation\s of Scores for the Po Memory Tests

1

Table 3

Test CS // MC DP ADS

*Counting Span' CS) . . 1.00_
vfr

Mr. Cucui (MC) .'49 .

Digit.Placement (DP) .61 /

Backward Digit Span (BDS) .52 i/

/

1.qo

.50 / 1.00

_AO .64 1.00

V /1

./
1/

36
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Table 4

Number and percentage of Classifications Which are the Same, Higher for
the First Teat, and Lower for the First Test for all Test Comparisons

Classi-
fication

Test Comparisons (A /B}

of_
CS/DP
N(Z)

CS/MC
N(Z)

CS /BAS
N(%)

, -DP/MC-

N(Z)

DP /BAS

N(Z)

MC /BAS

N(Z)

Same

(A4)

Higher
-(A>B)

Lower
(AB)

58(42)

36(26)

45(32)

47(34)

16(12)

76(55)

75(54)

13(9)

51(37)

49(35)

19(14)

4(51)

44(32)

31(22)

264(46)

57(41)

,55(40)

-27(19

Note: CS _= Counting Span

DP 'Digit P1acemekt
= Mn s/ Cucui

BAS= Backward Digit Span

41
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mean that each test identifies different cutoff points on this one

dimension. However, if these tests are found to measure more than one

dimension,, then different things are being measured by each test.

'Factor analysis., The results a the cross tabulation made-the

,question gf examining the dimensionality question more critical. A

factor analysis was performed on the correlation matrix presenteein

Table 3 for the four tests.across the to61 population. The model

used uas a multifactor solution model. All extractions were principle.

factor extlrtions with iterative estimates of commonalities, and the

varimax 'rotation procedure waa used. The data from this factor

analysis. appear in Table 5. A single factor was extracted. However,

it should be noted that Mr. Cucui test.,did not load heavily on-this

factor, and a considerable amount of the variance is stiilUnaccounted

-for. The Mr. Cucui test is the only one of the four which doei not

ask children to count, suggesting tfiat_the factor ii aigivantftative

M-space factor involving memorrof number or counang sequences. The

Mr. Cucui test, on the other hand, requires memory of spatial orienta-

tion.

In summary, the four-tests measure one primary faitor, quahtita-
. ,

. .

f.ave )4-space. Thus, to classify children into 14-space levels, it

would seem best to administer a combination of tests as was done in

*this study and then classify the children with regard to that underly-

ing structure. No one test alone, it appears)) could reliably classify

individuals into an M -space level. The

classification made on the basis of the

next section indicates that a

results of perhaps three tests



Eigenvalue

;% variance

Bay (rotated) factor matrix
\

Counting Span

Digit Placement

Mr. Cucui

Backward Digit Span
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Clutter Analysis

. 1 ,Sin0P01*.fagtor analyiis showed that one dimension accounted for
- Y 4., .

-. 1-* .

nearly 2/3 of the variance, it seemed desirable for the next stage of
.

theproject to classify the children in the.populaXion along this

single °dimension. A cluster-analysis procedure which uses -Euclidian

k diitances between poin1,1 was used for the classification.

This analysis indicated that there were six viable groups.

Table 6 givesethe estimated group vett-ors for six. groups identified.
- .

1.

.

qthe analysis,, the last four groups (3, 4, 5g and 6) were cloier

togeditt than:Groups 1 and 2. This suggests that Groups 1 and 2 are: ',
distinct and that Groins 3,,,4, 5, and 6, while different from each . . 't
67

'; A
other, areless distinct.
- ..

,.

, 'Group 1 is largest with 59 members. For the tests separately,, ..

f
.

.

1

the levelsfor ' this group are CS, level 1; DPT, levei._1; BDS, level 1.1..
v

and MM, level 1. This group is clearly at W-space level 1, the lowest

M-space./evel in ,the domain being measured: Only for Backwaid Digit

S pan could some children be placed at level 2.
. .. ft.

Grioup,2 has 38 members. The,levels'for this group are CS, level
.-. - r'... . . . .7

.
.

.

%- 1; DTT$ level 1; BDS, level 2; aneME, level'2. These children

. %. - #'
I:. 4..

, - : (

exhibit a basic M-space e Wel 2. They are below that level on the
. 1

. - Digit,,Placemientktesi and nearly reach level 3 on the/Mr. Cuci test.
., .

4 4.. ,e
. These differences seemed, from the protocols, to'be due to contextual

. , 1..,.- :

s

..ur,usnalEuclidian distancd between points in four dimensions was
). I

used, i.e.,
6

:` 6 (xl Y1)21.. (92 y2 )2 *'3 y3)2 * (714, IA

4 ,

-
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Table 6

4

..

4

Estimated Vectorlor the.Six Groups Derived from a Cluster Analysis
Where the Distance Between Score Vectois is Less than 1.50

0

Group Bmalgamuted
distance

N

Number of
children

Test-
4 CS DPT BDS

1 1.05 59 1.32 T.07 1.73

2 1.44 38 1.90 1.66' 2.13

1.43 16 2.25 2.10 2.25

4 1.03 11 "2.91 4.00 .2.91
.

5 '1 ; 1.06 4 2.17 3.83 2.67

7t,
6 1.23 6 2.50 4.00 3.75

O

--- Overall Nvvspaoa_

MC classification 1

2.76 2

'469 2S+

2,46 3,S-

4-.50 3S+

3.75 4S-

-1

a-t

Io

0

41
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factors: Ss found the instructions for DPT more complex than the

others; and either spatial perception or ability t ,check information,

contributed to scores on Mr.'Cucui.

Group 3, with 16 members, scored slightly above level 2 on three

31

tests and nearly, yeached level 4 off-the Mr. Cucui Test. Either their

_spatial perception is quite'hfgh or they-are able to chunk information

on'that test, Vitt they still exhibit a basic M-space,level of 2. We

have labeled this group'le'vel 2E+ to highlight the fact thathese

:children are above that level on the one spatial test.

, Gtoup .4.bas 11 members. On two tests, CS and DBS, children are

I

at level 3; oft DPT they are at level 4, but on the Mr. pica test,

they are only at revel 2. Their basic M-space level is probably

level 3. The spatial petception involved in Mr. Cucui appears not be

be as highly developed at their quantitative abilities. Therefore, we
1

1.1

have classified them 35-.c. ,
Group 5 has only 4 members, who have,a similar pattern of levels

to those in Group, 4 except they score very well on Mr. Cucui. Their

\

basic pattern seems to place them at M-space leve1\3, and therefore we

have classified them 3S +.

Group 6 has 6 members. They are basically at tILpace level 4.

They are at that level on three testp but score below' 1evel 3 on

Counting Span. It is not kear what the discrepancy on,this test.

1

implies, and the protocols did not assist in this case. 'It could, of

t

course, be simply a sampling /testing variation especiallsince the
), 1

nutbeis in the category are,so osmall. This variation need's closer
. .

e* mination than we were able to perform in this stady. Helever, this

group
4'

lower than Group 5 on the Mr. Cucei test, but overa 1 their

42 ti
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cf

quantitative' skills are at level 4. Therefore, we have labeled them

45-.
I /

Overall, these. results suggest an underlying cognitive mechanism.

The contextual setting, number orspatial orientation (quantitatiim or

qualitative) has a significant tffedt..,on the child's ability to

respond on any given occasion. This shows possible. significant

problem soliing strategy/instruction reception differences between

groups with the same basic cognitive processing potential. One could

hypothesize that spatial developmentAuilitative) and number develop-

mmnt (quantitative) strategies appear to be interwoven and occur close

together in time, but some children achieve number skill prioi to
?

,

i

)apatial skill and others vice versa.

The reason for wanting a battery of tests which measure 'cognitive

development is rooted in the theoty of Jean Piaget (1974). For

Piaget, cognitive development is embedded in a developing human

system. The development of cognition is inseparable from the growth

Of biological and psychological faculties. Development is a broad-
.

Study 2--Cognitive Development

based process, generaiiiing to a wide variety of situations.

Piaget's position is summarized in the following statement:

I thinkthat development explains learning, and this option
is contrary to the widely held opinion that development is a
sum of discrete learning eieriences. (1974, p. ,176)

The phrase "development explains learning" implies that the outcome of

a learning experience is in part accounted for by developmental

capabilities. That is, learning potential Is defined (or explained)

to a large extent by. developmental level.
ct

, 43
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For this pro ect a battery of 10 eats was devised all impinging
4

.
. .

on the early deve opment of the ch d s ability to work with

jigentary quan tative and logi al concepts concerned frith

'J

pre-mathemeti al skills. We sted the whole poplatio to relate

develoimen 1 characterise b to characteristics sires y derived from

.
°

.

.

I

.

.

the 1+-sp e tests.

TheCoitivenentirests .

. As suited e
//
ier,rl the chdice of specific tests as based on our

.. .

1bintcat to exu ne the relationship of Cognitive capality to chil-

dren's perf rmance on addition and subtraction tasks.

Of phe.10 tests, 7 were selected from a large ba tery of tests

constructed by Fullerton (1968); 2 from tests devised by Romberg, ,

Carpenter, and Moser (1978); and one was constructed y the sailors
/ .

/
'for this study. Details of each of the tests can be in Romberg

/
/

41,%,,/ and Collis980b). ,

,

/. v ,

Exten.sion'.(E). This group test 'was developed by Fullerton

(1968). Children are to decide which of three choice boxes has the

same number of dots as a sample lox. °The.term extension refers,to the

lact that the number sets extended beyond the usual lcel of'subitem-

ization to a higher portion of the number scale. The est contained

1

12 items. The numbeeof correct responses was scored. A correct

answer was interpreted to mean that the child was able o, set up a

one-to-one correspondence between sets.

\i.Ordinal -Correspondence (0C). In this group test, a.so developed

by Fullerton (1968), .the format for the items wes'similar to,thoie in

the Extension twit. This test also contained 12 items. T e number of.

correct responses was scored. A correct answer was interpreted as

44
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meaning that the child was able to establish an ordinal correspondence-

between sets.

Censezotion-of-Numher,-(Wohwill, CN-W). -This group test, also

developed by Fullerton (1168), was based on an earlier .test developed

by Wohlwill (1960). Six items were given. The number of correct

responses was scored. A correct response was interpreted to iteanthat

the child was able to preserve one-to-one correspondence betwee'n sets
,

after one set had bekn rearrangf (i.e., was able to overcome percep- /

r
teal distractions).:

Addition-Subtraction (Wohlwill, AS-W). The items for this...group
!

.

test; also developed by Fullerton (1968) and based on Wohlwillis

earlier work (1960) were interspersed with those of the previous test

___,(CNT.W) because of the similarity betWeen the two. tests. This test

differed only in that a single object was either added to or

subtracted from the collection of objects in front of the children.

In this case a correct response was interpreted to mean that the child

was able to recognize that an increaseor decreaie in one of two sets
,

.

in one-to-one correspondence means these sets are nib longer in such

correspondence. Six items were given and the number correct'scored.

Transitivity (T). The authors developed thilvsix-item group test

because the Coordination of Relations Equivalence test (CRE, described.

next) requires &child to attend to both transitivity and a linear

rearrangement of sets. The present test was designed to assess just

transivity. A correct response was interpreted as the child heing

able to preserve both equivalence and order relationships... A total

correct score was recorded for each child.

45
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Coordination of Relations of Equivalence test (CRE). This

six-item group test was developed by Fullerton (1968). The items are

similar to those in the transitiOty-test except that the fixed set is

.
,

also transformed (lengthened, shortened, or heape1 together). A

correct response here was interpreted as the child being able to

preserve equivalence relationships even after rearrangement. The same

scoring procedure was used as for,. transitivity (T).

Class Inclusion (CI). This indfiridually administered test of two
1 %

items 'was developed by Romberg, Carpenter, and Moser (1978). A
SO.

correct response was interpreted as a child being able to logically

subdivide a set into distinct subsets.'

Additive Composition of Number (ACM). This individually adminis-

tered test, developed by FulleriOn'(1968), includes three items which

ask children to respond to three quite different composition tasks. A

cor4Ct.response implies- -the child can establish an equivalence

relationship by the common pfactice of sharing-and preserve such a

correspondencewhen distracting information is presented.

Counting On (CO). This individually administered test was

develbpedby Romberg, Carpenter, and Moser (1978). The test includes

40-1119

three ite for each of the three levels of counting on; small number

onto a n mber less than 10, small'number onto.a number between 10 and

20, and /a large number onto e number between 10 and 20. The typical
%

questi7 asked was "Could you start counting at 13 to find the number
4

that s 4 more than 13? Children were marked as passing a level if

two f three items were answered correctly. A total score was then

rec rded of the number of levels passed (0, 1; 2,,or 3).

'

46
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Counting Back (CB). This test is like formal CO; however, in

this case the typical question asked was, "Could you count back

starting,at 15 to find the number that is 4 less than 15?" The

scoring _procedure used was the same as in 'C0.

Test Administration
.

Because the order in which these tests were administered was

important, and because they would be 'administered to childrenpf
,

.0 varying ages, two eeisions werz made to gather the!data more effi-
/

eiently. First, thatests were separated into four sets to be admIn

istered at separ4e times. Second, all of the tests woe given to all

. /

children, The

who was to takyy

4 1
'

and set 2 were

drganization of the tests and the rules for selecting

which test ire given in Table 7. The interview tests
/

given to will children. A child passing the two tests

in set 2 (CN-W and AS-Wiwas.3ssumed 'to have passed set 1 and was

given set 3. Hitiev4 if a child failed either of the testsin set ?,

set 1 was administ,led, snd'the .child was assumed to have failed set

3.

On the interview tests one assistant administered the Counting On

(CO) and Ceuyiing Back.(CB) tests, and the other administered the

Class Inclusion -(CI) and the Additive Composition of Number (ACN)

tests. Again children were randomly selected by their teacher to cone
;

to the,ntervi'ew room (the teachers' lounge). Each interviewer was in

a egyier of the room. Children were randomly assigned to an inter-
.

leere, Children took two tests on one day_and the other two a day to

o after., Shortly after the interviews were completed the group

P
batteries were given. Set 2 was given first to groups of 6-8 children

at a time from each class. The research assistant presented the

47
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Table 7
,. ,

Tests included in, Each bet, Sequence of Administraion,
and ,Rules fol Selecting Subjects

I

.

___---_

37

Order
I

Set (tests) Rule

1 4 Interview I All children
(ACN, CI, CO, 'CB)

,.

2 Set 2 : All childrenw
(CN-R, AS -W) A

3 Set 1 ' Children
.

failing eitheT
(E, OC) .

i

test in set 2
.

..---

4 Set Children passing both
(T, CRE) tests in set 2

I

1'

48



.38

stimulus information for each test following a script and using a

terse magnet board. The other assistants observed the children to

make sure thei were working on the correct page, responding in the

right'place,4and not copying from others: Set 1 was given next,

followed by set 3. All.teriting was compIeted-W4hin four weeks.

S

Results

Full summary,tables for the raw score data_for_each of the-tests

is given by RoMberg and Collis (1980b). To examine 'the
k

relation
ci

;1 -
4

between the tests and the structure of the battery itself, a two-step

procedure was followed.

e Fullerton (1968) used scalogram analysis to organize the battery

44

of tests he developed. He fotind tests which grouped together, and he

established an order for the tests based on test difficulty. Untortu-
/

nately, that methodology fails to establish the underlying dimension-

alityof the data matrix or the possible structure of the assumed

hierarchy. Amore satisfactory method is to determine first the: -- Wft0

imensionality of the intercorrelAtions.of the tests. If the matrix

i;\6idisensional, then a hierarchy can be eatablished.

The intercorrelations across the whole population for the 10

cognitiire processing tests appear in Table 8. The correlations are

all positive but fairly low, ranging from .24 to .79; 17 of the 28

correlations fall.between .40 and .58. We decided to exclude the E

and 0C tests froim the correlation matrix for further analysis on the

.grounds that they were baseline tests on which most children scored at

the ceiling.

49
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' Intercorrelations of the Ten . gnitiVe D velopment Testa

E OC

E 1.00

'OC .45 T.00.
Ii

ACN

ACN .22 .25 ..00

' 'CN-W .30 .32 .35'

AS-W .35 .37 .,118

CI .13 .13 .32

CO .22\ .28 .55

CB .15
.

.21 ..49

T .13 .3.6 .43

CRE .17 .21 .51

il'aximum 12 1 3 6
i

-Mean 10.88 10.63 1.97

Std.
1

deviation
.90 .2.28 .94

/

39

CN-W AS -W CO
i#

CB T CRE

1.00

-.51

.24

.43

l.40.

'.42

05

,4.86
f

11.56

1.00

.

.28 1.00

.42 .44 1.0

.39 .45 .79 1.00

.36 ,.4*' .52 .61 1.00
4P

.48 .39 .58 .62 .68 1.00

6 2 3 3 6 6

5.03 .51 1.35 1.06 3.93 1.75

1 .34 .81 1.29 1 .21 4.68 1.49

po

-)1
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dimensionalityTo determine the dimensionality of the intercorreiations,'a

eifactor analysis was performed on the matrix shown Table 8 with

tests E and OC excluded. A. multifactor solution model was used: All

extractions were principal' factor extractions with iteration estimates

of commonalities; the varimax rotation procedure was'employed. The

-results of this analysis art- 'thown in Table 9.

A two factor solution was derived, although the Eigenvalue for

the first factor is considerably'larger than that for the second

factor. °An examination of this rotated factor matrix snows that the

counting tests (CB, CO) load heaviest on the rotated first factor

followed by the tests in Battery 4, rand CRE. This factor may

8
reflect a mature level.Of counting skill. The four other tests also,

load on this factor but not to the same degree.. At best we can say

that it is probably a quantitative factor influenced by the ability to

cunt. The second ,factor seems more qualitative, involving phe
.....,

. .

. -

ability .to Bake comparisons and see' transformations wi out having to

\

count. In particular, the Wohlwill tests (AS-W and CN -W) load 1108%4-

est:on this rotated factor load. One test, Class Inclusion, does not,

load heavily on either factor. Since Class indlusionkolves logical,
I

..-,
e . . .

reasoning anc is-the only nonquantitative test, this finding gives
t i

credence to the interpretation's given to the first two factors.

The factorlinalysis of the data seamed to show that there were

two interpretable dimensions underlying performance on the tests.

However, since the first factor accounted for.euch a large proportion

of thevariance (54.302), we examined the possible hierarchical

ordering of the tests using Guttman'.. (1954) simplex procedures. It

\

p.
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Table 9 .

I

41

4

, Factor Analysis for Eight Cognitive Process Tests

111NnImm.

Factors
vs...

1 2

Eigenvalue

-r---2-Variance
.

' Raw. (rotated)

AGN

AS-W

CI
4 4

----CO

CBg

T

CRE:

factor matrix

4.34" .92

.64(.46)

.61(.25)

.60(.24)

.52(.49)

:-36)

.83(.85)

'.73(.60)

.81(.56)

.07(.45)

%35(.65)

.37(.66)

. -.13(.23)

'12144

-.33(.26)

-.06(.4r)

:lt(.59)

8

4.3

f.
4



is clear as one examines the correlation matrix as a whole thgt-the

tests are not insimplex order. Even when we take a subset of the

matrix, the five tests (ACN, CN-W, CI, T, and CRE)arhich might be

considered to test aspects of logical functioning at;this level, the'

ritaria are not satilp
4

ed. It seems from all the evidence then that

there is no basisi)for a hierarchical ordering of these tests. In

summary, the cognitive development tests do not seem twmeasure a

"c single dimension. Rather they measure two discernibledimensions, a

4 quantitative counting factor and a qualitative correspondence factor.

The purpose of this study was, to discern the cognitive develop-

ment levels of-the children in the population in relation to a battery

.
of tests which'tested developmental variables presumed to underlie the

early development of mathematical skills. The results show that about

two-thirds of the variance on the tests can be explained in terms of

two
A
Iflimensions, a quantita,tive factor influenced by*the ability to

1count, which accounts for over half of the variance, and a qualitative

factor which involves an ability to make comparisons and see transcor-

. mations without counting.

TheCognitive Peocessing Capability Categories

In this section of the analysis, we attempted to combine thp

information friar* the N-space tests and the cognitive development tests

with a view to grouping the indiviiitalstinto categories wbieh have
, .

distinct describable cognitive characteristics.

To begin with, a correlation matrix (Table 10) was drawn up for

the four 1+-space tests and the eight Cognitive development tests
.?

(tests E and OC being omitted for given earlier). The
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* Table 10

.

Correlations of
k
the Processing Tests

and the Fou M-Space Tests

),;\c
/-.M-space

tests
4.

Cognitive Processing Tests

ACNI CM -W _ AS -W CI CO CB . T' 'CRE

.43

is

t

CSa , .54 .32 .39 .43 .63 .61 . .47 .53

P
b 1

.54 .44 .41 .45 .77 ..79 .69 .63

1
MQ .46 432 ,37,:' .48 .53 .55 .46 .47 .-

4

Y 1
`4'

4
BDS

d
.411' .48 .5d .38. - .61 .58 .55 ,54

. 4

a
Counting Span'

bDigitilacement
c
Mr. Cucui
d
Backward D it Span

ti

-

. ".
s Q

I
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correlations rangd from .29 to .79, with 20 of,the632 falling between

fi

..;
.40 anZ .59. The higher correlations with the lispace tests occur

0

. .

with both the counting tests (CO3 CB). This is not shipriaing. The

g

counting tests undoubtedly require a larger memory capacity than some

of the other tests. However, there is no apparent significant varia-
.

tion in correlations of the different memory Pests with .the'cognitive!

0 1 e
processing tests. This suggests' that the positive correlation is

along ac. single dimension.

.0

To check this suggested unidithensional relationship, a factor

analysis was carried out in which the four M-space .tests were added to

the eight cognitive development tests.. The data for that factor

, ,c

analysis appear in Table 11.. Again, as was the Case with the factor

analysiela the cognitive development tests (see Table 9), two factors

.
.

.

k

appeared. The two factors have the same structure as'the two factors

that appeared in the earlier analysis. The Memory.tests load on the'

first tctor buvnot the second.

At ais point, we decided the we had enough information to look

for a pattern in thP achievement on all cognitive tests f r each Of

the six groups formed by the cluster analysis of the M-space tests.

The proportion coriect.in'eacl) cognitive test for each M-space

category.is set:out in Table 12; a graphical representation'of the

slIte informationtis

It can be seem

and'2 and the other

and 4 difier little

also very similar.

shoWn in'Figure 1.

that there are clegi'y differences, between Groups 1

foUr.gra 411. Within the iatPerkgroups, Groups 3

///
from each"other but from Cz=ipti 5 and 6'who are
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Table 11

1Factor Analysis fOr Eight Cognitiye Development Tdsts

and the Fout.M-Space Teats

Factors

1 2

Eigenvalue

% valiance

Raw, .(rotated) factor analysis

6.52

54.40

1.02

8.50

ACN .65(.6) .08(.36)

CN-W .58(.40) .41(.50)

AS -W .59(.37) .41(.60)

CI .5g(.56)
1

-.12(.12)

CO :83(.78} -.18(.28)

CB .84(.85) - .25(.15)
. -

T ,73(.73) -.01(.16)

.CRE .78(.70) - .16(.31)

CS -.71t.68) - .13(.25) .

DP .86(:74), -.19(.10)

MC .63(.68) -.69(.25)
1

EDS ,.73(.62) .13(.43)

,
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Table 12

Percent Correct for the Six.M-Space Groups
on the Ten Cognitive Development Tests

.1.

Test

Factor 1 {Quantitative}
. .

Factor 2 144i-
Group Baseline (Qualitative) cal__ ___...

(K-space
level)

2(2)

(2S+)

4(3S-)

5(3S+)

6(4S-).

E OC AS-W CN-W ACN CO CB CRE T CI

90 84 46 48 45 9 :3 6 2 6

100 100 91 71 80 52 35 43 14 20
4:1

3 100 100 87 93 71 82 78 '73 53 50

100 100 100 90 Err 93 87 80 90 50

100 100 100 100 100 91 75 100 '100 88

li0 I 100 100' 100 93 100 87 100 80 90

No- I.

57 CI
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Group 1 children with M-space level 1 are below the otheti,groups

in all four areas and are in general incapable of handling quantita-

rive tasks. They are capable of handling qualitative comparisons and

transformations only at a moderate level.)

Elsalchildren with M-space level 2 are also without specific

quantitative skills, although they performed considerably better than

Group 1 on all the tests. They ca handle' qualitative correspondence

at an acceptable level although they scored somewhat lower than the

other groups on the conservation of number, test.

Group 3children with *.space level 2S+ gre high on qualitative
ti

correspondence, have developed the specific counting skills of count-
,

ing on and counting back, but areinadequate in their use-of'those

skills on the transitive reasoning. test. They also are inadequate on

logics. reasoning although considerably better than Groups.1 or 2 on

that test.

Group 4children with W.space level 3S--,ere high on qualitative
_ -

correspondence and all the quantitatiVerests, but inadequate on the

logical reasoning test. In fact they differ significantly from

Group 3 only on the 'additive canposition test and the transitivity

test; .

Groups 5 and 6, with M-space levels 3S+ and 4S- present similar

profiles on these tests. They reach the ceiling on the qualitative

.

correspondence tests, scoring a little higher than Groups 2, 3, nd 4.

Like Group 4 children, they have very high scores on all nrita-

tive tests. Children in these groups are high on the class nclusion

test.

59



From these cluster groups a sample of students was drawn for

.Studies 3, 4, and 5 in this series in the following school year.

/ Conclusion

'49

$

Based on data from four memory tests and eight cognitive develop -"

anent tests, we have beenable to identify groups of children who have

-Nell defined by different cognitive processing capabilities. This was

accomplished in the following inept:. First, using cluster analysis on

the memory test scores, we identified six groups of students with

similar patterns of responses. ,Second, from the results of a factor

analysis, we found the tests loaded-on two factors: a quantitative

factor that involves mature counting strategies and a qualitative

correspondence factor. Third, by examining how the six groups defined

by the M-space analysis performed on the cognitive tests we demon-

strated that.the cOgnitiie processing scores of five of those six

groupadtffered systematically from each other.

This last step was the basis for-the remaiudertof the project.

We formed five distinct groups of studerits (cluster groups 5 amid 6

were combined) with known cognitive capabilities related to the

learning of mathematical materials. In the following chapters, we

dcAcribe how this information was used to study several aspects of the;

children's interaction with mathematics in early elementary school.

In conclusion the data gathered and analyzed in this chapter

suggest that the following propositions deserve close attention by

both researchers and practitioners:

1. A global qualitative/quantitative distinction is apparent in

children's mathematical thinking in the early school year;

9 '1 60
- ti
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A
2. M-space level seems to be related to the development of other

cognitive skills;

3. The suggested developmental sequence in the preschool to early

elementary years in mathematically related reasoning appears to

bet 'comparison -- qualitative correspondence -- quantitative --

logicdl'oPerations;

4. An M-space livel of 1 its_ enough for handling simplA oiaparison

tasks;

5. An M- -space level of 2 is enough for qualitative correspondence

and is a prerequisite for the development of number skills;

6. An M-space level of 3 seems necessary for success on sophis-

ticated counting tasks.

In all, these data suggest simple correspondence (both equiva-

lence and order) appears to be the first ability to develop. This is

followed by a qualitative,00rrespondence capacity,which involves

understanding how dorrespondence between two sets is preserved or

changed under varying circumstances. Next, the quantitative skills of

counting on and counting back develop. followed by their uae in

transitivity tasks. Final*, the capailtrfor-logical_reasoing

develops. 0

i
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Chapter 3

COGNITIVE PROCESSING CAPACITY AND CHILDREN'S PERFORMANCE

ON VERBAL ADDITION AND SUBTRACTION PROBLEMS

In this chapter, -the third study in this set is reported. Its

purpose was to 'study the relationships of children's capacity to their

performance and their use of strategies on verbal addition and

subtrction Piobless., The importance of knowing how children learn
O

the concepts of procedures of addition-and subtractiot should Ile,

self-evident. Also, it is frequently assumed that children must first

master computational skills and then begin to solve verbal addition

and subtraction. problems. However, it has been clearly demonstrated

that children develop a variety of strategies for solving such

mathematical problems independent of instruction (c.f., Carpenter &

Moser, 1979; Ginsburg; 1977; Resnick, 1978). In fact, many of the

strategies they use are mote sophisticated and, demonstratviore.

insight than the procedures that'are taught.

A sa7Ple of the children tested in the Previous studies (Chapter

2) and selected to reflect different cognitive capabilities were

clinically interviewed on three occasions over a three -month period in

1980 (February 27-29, April 9-11, and May 26-28). In each interview,

a set ofwerbal addition and subtraction problems was given to each

student. Each child's performance and strategies were coded by the

interviewer.

51. 62
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The Sample for'thi;Study

The children from the earlier studies had been advanced -a grade

in school since previously tested. Furthermore, the grade 2 students
A \

who were in Sandy Bay Infant\School in October now were in grade 3 and

m\ ..

in different pr ry schools. 'Most, however, were enrolled at Waimea .

\-

Heights Primary Sc gol.

Our intent was to have a sample of two to four students from each

cognitivilevel in each grade. We began with rosters of students from

each grade and their cognitive level. Then an initial selection of

students -was made. However, after school began, some third graders

originally Ii7oneC-liiiiiiere switched to another. This oreated_some

imbalance acrossrclasses but should not have affected the results.

.Tpe students by cognitive,gropp and class in this study are shown in

Table 13.

Interview Tasks

An interview consisted of six problem types (tasks) given under

four of six conditions. The six.typeis included two problems solvable

00 by addition of the two given numbers and four problems solvable by

subtraction of the two given nuMberi. The types differ in terms of

their semantic structure. Thi semantic characterization for these six

. problem types is detailed in Moser (1979) 86 in Carpenter and Moser

(1979).

Table 14 presents representative problems in the order in which.

.
t

the problems were administered to the children. The actual wording
o

for each problem type differed but the semantic.structuretesmined----

constant. Within each problem, two of three numbers from a number

triple (x, defined by x + Z, x_4 z 4 x, _were_given. In the
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Table 13

Children in Each Cluster Group in'Each Class

Sandy Bay Infant
School .Waimea Heights Primary School

Cognitive
Group,

Class - Class

2 3 4

Gradel Grade 2 Grade 3 Grade 3

1 3 2 - 0 0

42
3 6 0 4

3 1 2 . 2 3

4 o o 2 3

5,6 0 0 3 1

,

Totals
1 0

7 10 7 11

- 64

5 /

Grade 3 / Total

0

0

3/

/
/
/
/

5

13

11
/

23
8

/ 3 7

44
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Table X4

Problem Types

Task Sample Problem

1. Change/Join (Addition)

2. Change/Separate
(Subtraction)

3. Combine/Part Unknown
(Subtraction)

4. Combine/Whole Unknown
(Addition)

5. Compare (Subtrimtion)

6. Change/Joii, Change set
Unknown (Subtraction)

Pam had
'6 more

have al
. -

Jenny h
to

ieftT .

3 shells. Her brother gave her
hells. How many shells did Pam
ogether?

d 7 erasers. She gave S erasers
.How many erasers did Jenny have

There ares5 fish in a bowl. 3 are
striped iand the rest are spotted. How
Many spotted_fish are in the, bowl?

Matt has 2 baseball cards. He alsohas
4 football cards. ,How many cards does
.Matt have altogether?

Angie h#s 4 lady bugs. Here brother Todd

has 7 1#dy bdgs. How pany more lady
bugs doeS Todd have than Angie?

Gene hai; 5 marshmallows. How many more
,marshma lows sloes he have to put with
them so he has 8 marsfimalXowd altogther?

t.

,
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two addition problems x and x, were presented, with the smaller number

x always given first. 1.,the.four subtraction problems, z and the

larger addend x, Ohre presented. The order of presentation of y. and z

varied among problem types..

The, six semantic problem typgsdwere presented under six

conditions, although not all children responded to all conditions.

Four conditions result from crossing smaller zs and larger zs with

presence and absence:of manipulative materials. slit the smaller number

problems (called B problems), the addition-guideline of 5 4 z < 9 was

Imposed. In the larger number problems" (called C problems), the

restriction on the sum was 11 <244 15. ProUlem.seis Bp and Ce_wpre

,given with manipulatives present; the same sets given with

manipulatives absent were called Ba and Ca.

For the interviews with third-grade children, the domain of

Imdigit numbers was included. In die 2-digit domain, two subdomains

were identified. In the D problems, no regrouping (borrowing or

carrying) 4.8 regnired to determine a difference or Sum whai a

computational algorithm isused. In the second subdomain E problems,

regrouping iirequired. For the 2 -digit problems,le sum z is

restricted to, numbers in .the 20s and 30st All third-grade children.

took the C, D, and E problems. Complete details"of the procedures

used are reported in Romberg, Collis; and-Buchanin .(1981):

c.-

InterView Method., ,

Ak Three trained interviewers administered the interviews (see

Cookson & Moser, 1980, for details of interviewer training procedures
.

and reliability). One interviewer worked at Sandy Bay Infant School

and the other two at Waimea Heights Priori)! School. Each interviewer

66
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was able to conduct 8 to 12 interviews a day, depenling on the

schools' schedules and on the task level. (The C tasks took longer

4

than the B tasks.) At the schools, the interviewers were assigned

interview areas, which were quiet rooms separate from distracting

activities. The verbal taski were read-and reread to the child'as

often as necessary so that remembering the given-numbers or
-r

relationshipkcaused no difficulty. An individual interview required

two seiSiOniWone for the B_ tasks and the other for C tasks (or one

for the C and the other for D and E). -The sessions lasted 15-25
_

. . ,

minutes each, with each child receiving the same sequence.of,proBlees.

No child was interviewed twice ,..im-oar day.

. Coding Subject Responses

. .

All of the possible codings of student responses are presented in

,detail in Cookson and Noser(1980). Three or four elements were coded

for each child: model used, correctness, strategy, and, if incorrect,' .4.

error. A record.of each subject's response to the tasks were compiled

from the coding sheets. These profiles are-the basis for all other .

`statistical information appearing in this chapter und are, reported in

. Romberg, Collis, and Buchanan'(1981).

Data Aggregation and Analysis

The interview data hdVe been summarized in terms of percent

correc t and general strategy. The data for percent of items'ans, ered

,correctly by children are summarized by examining the differen es for

children with differing cognitive,processing.caimbilities. t was
-.

anticipated that children iq groups S and 6 would answe; m re items

67
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correctly than those in group 4, who in turn would answer more items

....' / .
.

'', - correctly than the group 1 children, end so forth.
.

Pupil strategy was. categorized according to type of model used4
. -.

(if any),.strategy r process used, and, errors (if any). Five general
.

571

categorieshg B and C problems are the following:

V* t

I. Direcimodeling. Uieof the manipuiatives provided, or fingers,
, r

to,: stand for the problem entities! Actions performed on the

,Objects generally correspond 'o the action or relationship
, .

described in the problem.
.

Use 0 dgufitingsecomieces.
4" a

either foryard or liackward,
. , .2 4

*is a number other than,"one

cdUse of the string of counting wo s,

.where the entry polio in the sequence

4 ,

Counting may p4Oceed in either

r 't, 0 le'
direction a given number of counts, or until a desifed.rumber

,

1

. . . * 4 . °

- (usually one of the'numbers given ift the problem) has been
. \ ,. f

. (

..-

, 1

. ' reache . This.requires-a second counting of some:sort/of a

trackidg mechanism, often aided by the use of ' fingers.
\

3. Routine enta]. operations. Jise of memozized number facts by
a

direct recall: .

4. Nonroutiiie mental op

ST

atioAs. Derivation,of a tionmemorim.d fact

.

through manipulation-of some othet recalied fact: ,,s an example,.
*

the fact for 6 +.8 can be derived by determining it to be' two more
. t

r\
. , .

than the easilyPremembered "doubles" fact of 6 + 6.

5.' Inappropriate Behaviors. Guessing, using one of the given numbers

in the problem, adding instead of sub4acting, or giving no answer

at, all.

a
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For th0 D and E data, the five categories used with the B and C
i

tasks were used V students did not write a sentences! If students did
$

4

write a sentence, three other categories were used..

6. Correct sentence /algorithmic. This category of behavior includes.

the standard algorithms taught in school as well as any "invented"..

(Carpenter & Moser, 198,2) ones that involife considerations of

pXace value. Algorithdic behavior must be exhibited by use c-
C

paper and pencil.
i

\ 1 , .

7.. Corrfct tmptenge/non-algorithmit.-After writing a sentence, the
. . .
. .

. . _

in problems,iulrbich

1981).

work is done mentally'as was frequently Seen

no regrouping .(D tasks) was reqUired (Moser,..

'8. Inappropriate sentence. this behavior involves writing and

4

working the wrong sentence (e,g., addition instead of

subtraction).

Details okwhat specific model, strategy, and. error data were used to

form tbere categories ire presented in Romberg, Collis, and Buchanan

(.4981):.

The plan for analyses of the aggregated data was based on the two

primary dimensions-in this studydifferipees in the level of problem

administered and differences -in childrees.cognitive capacity. The.

problem dimension involves a completely crossed repeated assessment

(three interviews) of six probleesets (Bp, Ba, Cp, Ca, D, and E) with

six tasks in each set (combine/join, combine /separate, and so on).

The student dimension involves children nested in cognitive levels

within classes and in ,turn,' within grades:\

The data matrix is incomplete since grade 1 and grade 2 chileiren

did net take the D and E problems, the grade 3 children did not-take

'69
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the B problems, and not all cognitive levels are represented in each

grade level. The small number of subjects, the unequal cell sizes,

and the extensive incompleteness of the matrix have limited us to

describing the lrequencies and testing a few of the differences with'

chisquare statistics.
1

For purposes o this report, frequency and percent correct% and

frequency of use of trategy are presented for childien with different

cognitive processing capabilities. The data are presented for three

problem sets (B, C, and D, E combined) and for each semantic task

within each set. Other analyses were perfgimed for each interview and

by grade level but are not reported here. Those analyses can be found

in Aomberg, Collis, land Buchanan (1981).

11

Problem Sets by-Cosnitive'Orou sL
To examine whether'diffefinces in cognitive capacity are

reflected in different percentages of correct responses, separate

tables are presented for each problem set. In Table 15, the data for

the B problems which were given..only to grade 1 and grade 2.children

clearly show that there is a significant increase in percent correct

I N
Because of the large number of trials ana the lack'of a systematic

;1
plar to test differences, an alpha level of .01 was arbitrarily chosen

to test significance. In addition, tests which yielded probability

Values between an alpha of .05 and .01 (.05 ) 2) .01) were considered-- 1

marginally significa kll .)e values were calculated via 2 x 2

contingency tables wher\e frequency of
/

correct answers or strategy was

dichotomized.'

70
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Table 15

Frequency, and Percent Correct by Cognitive Group ,for
All Level B Tasks

Cognitive Group N Total Responses a

Correct Responses

Frequency
.

Percent

5 ,180 100 56

2 9 312a 235 75

3 3 108 95. 88

4

5,6 MI MI

Total 17 600 430 72 '

.

aWhen all, children were present for all 3 interviews, number: of trial.;

equals N awes 12 problems A(6 Bp and 6 Ba) times 3 occasions.
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(56% to 75% to 88%) for childrenein cognitive groups 1, 2, and 3,

respectively (X2F 47.19, k C .01).

For the C problems given .to all children, the percent correct for

children in different cognitive groups is shown in Table 16.' The

differences are std.:As. The 0..oup 1 children only got 22% correct

,while,children in groups 5 augl 6 got 96% correct. There is

significant increase from group 1 to group 2 (22% to 65%, V.= 94.38,

C .01), from group 2 to group 3 (65% to 81%, )e'l= 26.74, k C.01),

and again frOm group 4 to groups 5 and 6 (83%.to 96%, it .01). The

lack of difference in percent correct between cognitive group.3 and

group 4 children is not surprising since these groups differed very

little on the cognitive tests.

For the D and E problems given only to grade 3 children, the

pattern of correct responses were very similar. Thus, for summary

purposes, the data on these problems have been combined in Table 17.

For these students, the difference,between percentage correct for

children in cognitive groups 2 and 3 (49% and 67%) is significant.at

= 11.76, it C .01) as are the differences between cognitive group 4 and

cognitive group 5, 6 children (62% and 83%,;(2= 30.05, Q C .01).

' Again, the differences in performance between cognitive groups 3 and 4

on both, sets of problems are not significant.

Overall, our pre4ictions about percentage of the items answered

correctly were found to be accurate, except that childreni in cognitive

capacity groups 3 and 4 differed very little in terms of iheir overall

performance.

72
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Table 16

Frequency. and Percedt Correct by Cognitive Group for
All Level C Tasks

Cognitfe Gtoup N Total Responsesa,

Correct Response.

Frequency Percent

1 5 180 40 22

.2 '.3 456 206 65

3 11 396 370 81

4 8 264 20, 83

5,6 7 252 241 96

Total ":74\ 1548 1117 72
0

aWben all children were present for all 3 interviews, number of trials

equals N times 12 problems (6Cp and 6 Ca) times3 occaslOns.

73
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Frequency and' Percent Correct by Cognitive Group for

44 All Level D,E Tasks

Cognitive Group N Total Respon esa

Correct Response

Frequency Percent

1 4./ New 01

2 4 144 71 49

3 8 264 176 67

4 8 252 155 62

5,6 7 252 210. 83

Total. 27 912 612 67.,,/.
awhen all children were present for all 3 interviews, number of trials

equals N times 12 problems (6D and GE) times 3 occasions.

74
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Tasks by::Cognitive Group

Within each problem set, one item representing each of six tasks

(change/join; change/separate; combine/part unknown; conblne/whole

unknown; compare and change/join; change/set unknown) was given.

Because the different semantics of each problem Ape elicit different

cognitive demands it was anticipated perfornince would vary with the

tasks. Following Cremes (1980) categoriiation for the six tasks

given (see Table 14) we expected Tasks (and 2 (change/join and
A.

change/separate) to be the easiest, or they demand only a

change/cause schema; Task 4 (606 ne/whole unknown) to be next in

difficulty, for it involves a arderconbination schema; Tasks 6 and 3

(h(the missing addends pro" should follow in difficulty because of
t

the location of the missing information; and Task 5

(comparison/subtraction) to be hardest because it involves a
. A.

comparison schema/which requiresdmore units of memory to handle.. The.
ii

percent correct Aate for each cognitive group for each task inithe B

set of problems are presented in Table 18. The pattern of differences

between cognitive groups is consistent with group 3 children.

performing better than group 2 who, in turn, perform better than the

-grojp(1 children. As expected for the B level, Tasks 1 and 2 were
.

eaWfor all children. Tasks 4 and'6, however, were just as easy.

//Task 3 was more difficult, and Tsisi 5 was hard for all children.

The percent correct data for each cognitive, group on each task

for the C set of problems are presented in d le 19. if two-thirds of

//
the items were Corrects then this nas used as a rough criteria for

success for this data: Again, a Cons$stent pattern of the higher
. ,

cognitive, group childrAn'Otting.as"manitor more items correct is
A

.>
'



Table 18
S

Frequency and Percent Correct by Cognitive Group for Each B Task

4.

CCorrect Response Correct Response

Cognitive Group N Total Responses Frequency Percent Cognitive Group N Total Responses Frequency Percent

Task 1 Change/Join (1-) Task 4 Combine/Whole Unknown (+)

1 15

2 26

3 9

4 -

5,6 -
Total 5.0

Task 2

1 15

2 26

3 9

4 -

5,6 -

Total 50

cask 3

1 15

2 . 26

.3

4 -
5,6 -

1+ Total .!50

30 23
52 44

-18 18

- -
- -
100 85

77
85

100
-
-
.85

1

2
,' 3

4

5,6
Total ..

15 30 21 70

26 52 43 83

9 18 16 89

- - -
-

,: 1

-

50 100 80 --BO
,-

Change/Separate (-) Task 5 Compare (-)

30 21 JO 1 15 30 7 - 23

. 52 42 81 2 426 52
.

22 42

18 16 89 3 9 18 12. 67

- - - 4 - - -
- - 5,6 - - -

100 79 79 Total 50 100 41- ,. 41

Combine/Part Unknowd ( -) Task 6 Change/Join, Change set unknown ( -)

30 12 40 1 15 30 16 53
52 '40 77 2 26 '; 52 44- 85

18 16 89 3 '9 -..18 17 94

- - - 4 - .- - -
- - - 5,6 - -

100 68 68 Total 50
.

100 ° 77 77 ch

1.

,
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Table 19

/

Frequenty and Percent Correct by Cognitive Group or Each C Task

-

ch

.
Correct Response

Cognitive Group N Total Responses Frequency Percent

7 Correct Response

I. 0

Cognitivp Group N Total Responses Frequency Percent

Task 1 Joining (+) Task 4 PPW

' 1
x

15. 30 9 30
/

1 15 30 11 ,-. 37
2 38 76 55 72 2 38 76 52 68
3 733 4 '--66 57 86 3 33 66 53 80
4 22 44 40 91 / 4 22 44 38 86

5,6 21 42 40 95 / 5,6 21 42 40 95

Total 129 258 201 78 / Total 129 258 194 75' -A

Task 2 Separating (-) Task 5 Comparison (-)

1. 15 30 7 25 '''l 15 30 1 3

2 , 3'8 76 ' 52 68 2 .38 76 31) 39

3 33 66 51 77 3 33 66 49 74
4 22A 44 34 4 22 44 38 86

5,6, 21 \ 42 40 /95 5,6 21 42 39 93
Total 129 258 184 71

.
Total .129 258 157 58

_4
. -Task 3 PPW, missing addend (--) Task 6 Joining, missing addend (-)

1 15 . 30 6 20 1 15 30 6 20

2 38 "76 54 71 38 76 53 70 :

3 33 66 56 85 3 33 66 54 82

4 22 44 33 75 4 22 44 37 84
5,6

4
21 42 41 98 5,6 21 42 41 98

Total 129 258 190 74 Total 129 258 191 74

79
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apparent. The one exception to this pattern was on Task 3

(combine/part unknown), the group 4 children do not do as well as the

group 3chfidren on those tasks. Group 1 children are generally

unable to work any' of the C pr blems successfully. The majority of

group 2 children work.all pro less except Task 5. Children in higher

groups are able to work all problems. However, except for the

difficult comparison problems (Task 5), the tasks were of equal

difficulty.
z )

The same data for the D and E sets f problems are shin in Table. 1 .

t,
20. And,again,.the same pattern is evident except for the coinitive

group k children whose perforMance is marginally lower than group'3

children on Tasks 1 and 2 and is. about the same as group 2 41.1dren on
P .

Task S. Overall, group 2 children are only successful on Task 1.

Group 3 and 4 children are successful on Tasks 1, 4, and 6.

group 5, 6 children are successful nail tasks. Howeier,

unexpectedly, Task 2 was as hard as Tasks 3'and 5 for the whole

4r
population. What these data suggest is that when problems have large

enough numbers that children should use algo'rithms, the implied

..

computational procedures become more important than the semantics.
't4.7

Thus, addition problems aze easier than subtraction problems. While

Task 6 is a subtraction problem, it is often solved using additive

notions, making It easier than Tas10.

In summary, although. there are important variations in

performance due to problem set (size of number) to specific task, and

to grade, it is abar that children who- have been identifiid as havint

different cognitive processing capabilities consistentlylperform

.1 -41-

80.
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Table 20

Frequency and Percent Correct by- Cognitive Group for Each D,E Task

Correct Responie Correct Response\

Cognitive Group N Total Responses Frequency Percent Cognitive Group N Total Responses Frequency Percent

Task 1 Change/Join ( +) Task 4 Combine /Whole UMItnown (4) .

1 7
2 12

e
3 1 22

4 21
5,6 21

Total 76

I 1

:- 24 16 67 2 - 12 24 ' 14
44--, 39 89 3 22, '44 31
%42 33 78 4 21 42- 31
.42 37 88 5,6 21. 42

152 125 82 Total 76 152

Ttik 2 Change/Separate (-)

81

Task 5 Compare (.7)

58

70

74

93

1

2

3

4'

5,6
Total

12

22

21
21

76-

40
at.

24 10

44 27

42 21 .

42 31
152 89

tab

42

61

"50

+74

38

01111 .

2 12 24 12

3" 22 44 28

4 21 42 20 f
5,6 21 42 30

Total '76 152 90

50

64

48

71

59

Task 3 ombine/Part Unknown (-) .TaiV76--ChangeJoin, Change set unknown (-)

1

2

3

4

5,6
,Total

-

12

22

21
21

76

- -
. 24 9

44 22-

42 22

42 35

152 88

38

'50

52
83

58

"'lb. 1 - - - .
,I

.2 12 24
3 22 44 f g

21 42 0 28
5,6 21 42 38

Total 76 152 105

-
.

42 .

66

67
90

68

a

8z



differently oft these addition and subtra don tasks regardless of the

69

'other important factors.

Strategies Used by Children

As outlined it the first part of th s chapter, thg data on

strat egies used by childreft have been summarized in terms of five

categoriei for the Band C problem sets (direct modeling, counting
6

sequences, routine mental operations,'nonroatine mental operations,

and inappropriate) and eight categories for the D and E prOlem sets

(the same five no-sentence catmories as for B and C tasks,olus

correct sentence-algorithmic, correct. sentence -non -- algorithmic, and

incorrect sentence)._

We expected that children with low cognitive capacity would

either use inappropriate strategies or directly model problems.i

Children at a,higher.capacity level would then use counting sequences

. . 1 . .

.. .

followed by routine mental operations and algorithms in ir:reasing,

frequency for children at, higher levels-of competency. 4
r

..To examine whether children vith differen' levefsOf cognitive
.. .

$. ..

I
. .r.. .

Capacity use different strategies, separate tablJ are presented for
. -.

, 6.

each. problem set. For.che b probleft given only %o grade 1 and 2
- .

. 1.
. .

children,Oablts 21), as expected, there was,a significant increase in, .

:

. ue,of routinelmental 011evations(8% to 27% to 352) for wiA'
i- .

.

.." , higher cegnitiire capacity '0( te 36.97, 24./4.01) and:a correapondini, .
, ..

" . ' ' . .

, significant deCrease in use of.aninappropriate strategy (39% to 1,8%

-'

- .47 -':,
to .71;.X,, = :ftweVer;;Iniexpectedly, the frequency of

use of the other cateiciries.i4eirie0 Constan over cognitive levels.

For the C Roble:es given to 411 children, the strategy data for

children in difterl-, cognitive groups are shown in Table 22. The

, 83

.1

.
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Table 21

Frequency of Use of Strategies by Cognitive Group aTo 'Category ,for All B Tasks

.

6

O

.

Routine Mental Nonroutine Mental
Direct Modelibg Counting Sequences Operation Operation Inappropriate

Cognitive Group Wesponses Frequency Permit Frequency Percent Frequency Percent Frequency "Percent 'Freque y Percent

4
1. 180 69 38 20 11 15 8 )1::" ;...11 39

2 :\ 312 120 3$ 43 14 85 27 8 2 51' 18

3 108 39 36 17 16 39 sl 36 5 8 7

Total 660 22e 38 s 80 13 139 23 18 3 135 2i

84
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Table 22

Frequency of Use of Strategies by Cognitive Group sad Catcgoly for All C Tasks'

4

Direct Modal ng Counting Sequences Operation
Routine Monter Nenroptine mental

Operation inappropriate

Cognitive Group Responies Frequency Parent Frequency Pe eat Frequency Percent Frequency Percent Frequency Percent' ..
I / 9

1 180 .. 50 24 1 0+ 2 1 0 0 127 70

\2 456 166 36 82 18 59. 13 27 6 122 27

3 396 71 18 130. 33 104 26 38 10 53 13

\
, +1

4 264 30 11 79. 30 92 35 38 ., 14 25 9

5.6 -252 32 13 101' 40 105 42 14 6 0 0

Total 1548 349 22 \ 393 25 362 23 '117 327 21

=.1

86
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.

picture here is mote dramatic.. As anticipated, children in cognitive .
4

group 1 either dirt.ctly model the%problems (28% of the tiial4 or'use .

an inappropriate strategy (70% of the trials). Use of an

/
inappropriate strategy goes down consistently with uftnitive group

(70% for group 1 children to 0% for, group 5, 6 cOhdren). Direct

. ,/
modeling is the strategy most_often used by,Pgtitive group 2

children; counting sequeacesby group 3 ehildrehi and routine mental'
//.

.

operations by groups 4 and 5, 6 children who also used col=

sequences frequently. ./

O

For the D probleiS, which/weretaken soydily,die third grade7..
children, the strategy dada, are summarized in Table 23. As expected,

_ . /
.

,....-:'

between cognitive

:

gro p 2 and.group 5, 6, there is a significant

. . ...,;./ ,- .

increase it use o counting strategies from 12% to 33%(#,XN 10.40,2.4

.01) and a corfsiii=ing decrease in use of inapproptiate strategies
. .,..,,

, ' e

(Xfrom 29%.frg 2% (A 212 30.86, 2. 4,01). Unexpectedly, other ;Strategies

:are use/d at about the same /frequency by children at all cognitive

vels.

The data for the E problems, also given only to third graders,._

are summarized in Table 24. As for the D problms, from group 2 to
//__

group 3, 6, use of counting strategies increased significantly from 4%

to 32%"(X1= 20.50, p,' .01) and use of inappropriate strategies

.,t
dedreased from 44% to' S% es 46.52, it (.01). FOr both Level D

tasks and Level T1 tasks, there was no appreciable increase in use of

algorithms by children at higher cognitive groups (D, 21% to 'IZi E,

26% to 25%).

88
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2

3

4
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132

,0

1p/

126

14

29

25

20

19

22

20

16

1 1_. 1

at

.N.7 $ 12
48 :

11 3 4 ,,, 21 29 . 13 21 1

27 20 24 18 4 21 '.16 23 19 - 0 '0 ti 1
A.

' 28 22 23 18 lo .' t A 12 24 'I 19 1 la 1 2 2

''' 41 33 27 21 . 1 1 1 ° 2 2 0 032 23 2
o. . . .

4 J..
, 2'

4

... -

Talc 24 4

Frequency of Use of 3 sits by Cognitive -Creep Ind Category for All E.ta3s

Direct 184cling

7-1-4
.Cesoltise 'rap 'apostate Frequent' Faucet

-----

2 ' 72 *4

4

1

3 132 . 28

4 127i 29'
.

23

3.6 126 28

%arias Mental
taunting tequenta *potation

Feequeady furcate

\ 3 4

21\ 30 . 23 17

\ 17.1- 13 17

22 \40 32 16

. \----------.

?aquae, ?ascent

Monrouting "tonal
Opetarlow Inappropriate Algocitlea *tact-Alsoritim Incorrect Sentence

Portent frequency Percent frequency Percent frequency fertintFrequency Percent frequency

7

89

10

13 ,

13

13

2

0

1

1

3 32 44 19 26 2 3 2 1

0
1
30 23 ' 24

0
18 1 1 2- 1

1 . 37 25 27 21 0 0 2 2.

1 6 S 31 23 1 1 3 2
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Tasks by Cognitive Group

Within each problem set, one item representing each of six tasks

5

(change/join; change/separate; combine /part unknown; combine/whole,

unknown; compare, and change join /change/set unknown) was given. From

,Past research (e.g., Carpenter & Moser, 1982), we anticipated that

different strategies would be used on tasks with differing semantic

. structures (particularly on the missing addend problems, Tasks 3 and

6, and on the compare problem; Task 5). The strategy data for each

cognitive group for each task for the B set of problems are presented

in fable 25. A consistent- inverse relationship between use of

inappropriate strategies and cognitive level is apparent. Although

the percentages of various strategies used with each of the tasks

differs, the patterns of use seem to be consistent across cognitive

groups. For example,. direct modeling is not used by very many

students for the compare and change/join missing addend tasks (Tasks 5

and 6) regardless of cognitive group. In particular, counting

sequences are used most frequently-with Task 6.

The strategy data for each cognitive group on each task for the C

set of problems are presented in Table 26. Again, the use of direct

modeling goes down with higher cognitive group as does use of

inappropriate strategies while use of counting sequences and routine

mental operations in general increase. Cognitive group 1 children

directly model or use inappropriate strategies across all tasks. The

use'of other strategies varies by task. Again, direct modeling is not

used often with Tasks 5 and 6.

The same data for the D and B sets - of probleOs are shown in Table

27, and again the same pattern is evidcat. Direct modeling strategies
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Table 25

Frequency of Use of Strategi.n by Cognitive Group and Category for Each B Task

Direct Modeling
Routine Mental Nonroutine:Nental

Counting Sequences Operation Operation Inappropriate

tCognitive Croup N Frequency Percent Frequency Percent Frequency Petcent Frequency Petcent Frequency Percent Trials

Tack 1 Change /Join (4)

1 145 16 ' ' 53 ,, 10 3 10 4' 13 4 13 30

2 26 23 44 5 10 17 33 3 6 4 8 , 52

A,
3 9 6 33 3 17 7 39 % 2 11\ 0 -0 18

Totil 50 45 45 11 11 27 27 9 49 e 8 100

o Task 2, Change/Separate (-).
1 15 17 57 1 3 2 7

2 26 27 52 3 6 16 31

. :

3 9 10 . 56 1 6 6 33

Total 50 54 64 5 5 2'4 ... 24,
1 15 12 40 1

2 26 26 50 ' 1

3 . 9 9 50 2

Total 50 47 47 4

94

Task 3 Combine/Part Unknown (-)

3 2 7

2 14 27

11 5 28

4 21 21

-

O 0 10 33

2 4 4 8

O 0 1 , 6

2 2 15 15

O 0 15 50

1 2 10 39

2 11 0 0

3 3 25 '25

(continued)

30

52

11

100

7

30

52

18

1

93.

.
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Table 25, (continucd)

. .
. Routine Mental Nonroutine Mental.

Direct Modeling Counting Sequence Operat ioi: - - Operation _ - Inappropriate
.

. .

Cognitive Group N Frequency Percents ' Frequency Percent Frequency Ptrcent Frequency Percent Frequency tercent : Thais
..L0.....,

_ 'Task 4 Combine/Whole Unknown ( +)
.

.. .., .

1

1 2

3

15

26

9

30

17

25

10

52

57

'48

56

52

.

3

8' '

2

13
_......

10. 3 10 1

,. 15 14 27 0

11 AL 33 0
...-

.

.1.3.---- ' 23 23 1 ...

3

0

. 0

'1

..,M.M.111.

6

_ -
,

11

20

10

0

11

30

52

18

100

....

.

Tonal

...
.

-_'----..-- Tisk 5 Compare (.-) .

1

.2

3

Total

15

26

9

50

,2

10

3

15

7

19

17

1-5

1

' 7

1

9

.

3 2 7 0

13 4 8. 1

..t

6
t

.8 44 ... 40

. 9 4 14 14 1

t.

0

2,

, 0

1

25

30

6

61

A

83

58

33

61

30

52

18

100

Task 6 Change/Join, Change set unknown ( -)

1

2

3

Total

15

26

9

50

5

9

1

15

17

17

6

15

11

19

8

30 .

37 3 10 0

36 20 38

4 7 39 I.

38 30 30 2

4 j

0

2

.6

2

11

3

1

15

37

6

6

15

- 30

52

18

100

3

lea

444
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)Frog.:.,:.: of Use of scra!eities Coguitive Group an4 Cact:g; for Each C Task

Routine Mental Nouroutine Mental
Direct Modelteg Counting Sequence Operation Operatior, InAppro:.riate .t

Cosaitt..e Group N Fr,qo., ;,_y Pei-seat Frequency Percent Frequency Percent frequency Percent Frequency Per,fent irtals

Task 1 ..hange/Join ( +)
4.-

1. 15 il 37 o 0 . 0 0 0 0 19 63 30

2 38 32 42 13 17 15 20 6 8 10 : 13 76

3 33 12 18 21 35 19 29 7
$ 11 5 8 66

4 . 22 1 2 15 34 18 41 7 16 .3 7 44

5,4 21 1
a.

2 14 33 21 50 6 14 0 0 42

Total 129 57 22 65 25 73 28 26 10 37 14 258

L:
--... .. ---....-,-..._ -

Ta Chause/Separate (-)

41 15 12 40 0 0 0 0 0 0 18 60 30

2 38 33 43 5 6 12 16 5 6 21 28 76

3 33 15 23 17 26 12 18 12 18 10
a

15 66

4 22 5 11 17 39 12 27 5 11 5 11 44

'5,6 21 8 19 20 46 10 24 4 9 0 0 42

Total 129 73 28 59 23 46 18 26 10 .54 21 258

1
r

15 11 37 0

Task 3 Combine/Part Unknown (-)

,6
0 1 re- 3 0 0 18 60 30

2 4 32 ' 42 14 d8 8 .1' 10 5 6 17 22 76
.,...

3 33 9 7' 17 26 17 26 8 12 5' 8 66

4 22 ' 4
\9

14 32 11 25 8 18 7 16 44

5,6 21 7 12 13 31 20 48 2 5 0 0 42

Total ' 129 73 28% 58 22 57 22- 23 9 47 18 258 r.

J. m .T . NJ__

O.

(continued).

9
4
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Table 26 (continued)

Routine Meutal Noaroutine Mental _

1t

Direct Modeling Counting Sequences Operation Operation Inappropriate

Cognitive Croup N Frequency Percent Frequency Percent Frequency Percent Frequency Percent Frequency Percent Trials

_f

fa

93

Task 4 Combine/Whole Unknown ()

1

2

3 0
4

5,6

Total

15

38

33

22

21

129

11

34.

9'

7

5

66

37

45

14

16

12

26

0

18

28

11

16

73

0 0 0 0

24 10 13 0

42 17 26 4

25 3917 7

38 20 48. 1

28 64 25 12

0

. All*,u

-6

16

2

5

19

4 14

8

2

0

43

63

18

12

4

0

17

30

76

66

44

42

258

Task 5 Compare (-)

1 15 1
. 3

0 0 0 0 0 0 29 97 30

2 38 14 18 12 16 4 5 6 8 40 53 76'

3 33 9 14 24 36 16 24 2 3 15 23 66

4 22 9 . 20 12 27 14 32 S 11 4 .
9 44

5,6 21 7 17 20 48 15 36 0 0 0 0 42
)

Total 129 40 16 68 26 49 19 13 5 88 34 258

Task 6 Change/Join, Change set unknown ( -)

1 15 4
113

1 3 1 3 0 0 .24
I

80 30

2 38 21 28 20 26 10 13 5 6 20 26 76

...3
33 7 11 21 32 23 or 35 5 8 10 15 66

4

'5,0'

22

21

4

4 r

ro 9

10 --.1.4
4

23 20 45 6

43 19 45 1

14

2

4

0

9

0

.'
44

42

Total 129 40 i 16 70 ' 27 73 28 17 6 58 22 258
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Frequency of roe of Strat:g1 ro by CognIthe Croup And Category for Each 0.9 Tad

Counting
....

F. equency

So Sentence Corecc Senteatt Incorrect Scot cage

Trials

$rquencts

re r grist

toutfue
Operation

.

Frei...4.m

Hens al geftroUt lac Mental
Operation I nappropr late Algorithm

rs e quc ly

NonAlgoritha All Strategic,

Pr scent rreq.eney Vercent Frequency Fes e eat Percent fa,concocy 7 f ..q.s4ey Percept

-------------------

-..- ...

Took 4 Change Join (+)
. ---": e----

2 12 1 4
r

2 6 2 8 0 . ° 6 25 12 50 1.
4,

0 0 24_.-

3 22 7 lb 6 14 15 3* 1 . 2 2 4 12 27
.

1 2 0 "0- AA

4 21 2 5 2 5 lb 38 1 2 5 12 26 38 0 0 0 0 42

5,6 21 4 10 3 7 16 36 0 0 0 0 19 45 0 0 0 0 42

Total 76 14 9 13 9 49 32 2' 1 13 9 59 39 2 1 0 0. 152

Tack 2 . Change/Soo:ate (-) 7'7

2 12 4 1' 0 0 2 8 0 0 8 33 8 . 33 1 4. 1- 4

3 22 15 34 7 16 2 4 1 " 4 6 13 13 29 0 0 0 0 44

4 21 13 31 6 14 6 .14 0 0 4 10 11 26 1 2 2 2 62

5,6 1

Total

21

76

13

45

31

30

5

18

12

12

2

12

5 0 0 -2

8 1 0 20

5

13

16

49

38

31

2

4
?
3

Y

2 5

3

62

152

Task Cemblne/Part Unknovn (-)

2 12 4 17
..-- ,

2 8 3 12 1 A 10 41 4 17 0 0 0 0 24

3 22 1) 29 10 23 4 9 0 0 11 25 5 . II 0 4 1 2 44

4 21 13 31 7 17 3 7 1 2 13 31 4 9 0 0 1 2 42

5,6 21 14 33 17 40 5 12 0 0 2 5 3 7 S._ 1
.-------*

6 0 42

Total 76 44 29 36' 24 15 10 2 1 36 23 16 , 10 1 1 2 1 152

( eon! inu

1 0 101

-



TAM 27 (continued)

No Sentence

t.

Routine matal . Ponroutina iten441

0
Aerate Ho4e11ng .Counting Sequences Operation Inapproptiate Non-Algorithm All Strategic,

Coymielve Cramp

OPetatioa .
..4t,

1.

Algerithm
u.s...-

8 Prequenc7 Percent Fraquoncy P..ccont. Frequency ?errant Frequency Percent Frequency Percent Frequency Percent Frelvency Percent Troguency Pirecot Trials

.00

4

Correct Sentence Incorrect Sentence

Tani 4 Combine/Oholt On4noun (+)

2 V 1 4 1 4 4 17 0 0 10 42 8 13 0 0 0 .0 24 .

3 22 7 16 2 4 12 27 0 0 10 23 12 29 0 0 0 8 64

4 21 S 42 4 9 8 19 0 0 6 14 19 45 0 0 0 0 42'

S,6 21 4 9 6 14 11 26 '0 0 0 0 21 SO .1) 0 0 )3 42

Total 76 17 11 13 9 25 23 0 0 ' 26 17 61 40 0 0 - 0 0 J 152I.
Tact S Compare (-)

......

2 12 4 17 4 17 2 8 0 0" 12 SO 2 8 0 0 0 0 24

3 22 6 18 16 36 3 7 1 2 11 25 3 7 0 0 2 4 44

4 21 9 21 13 31 3 7 5 12 10 24 0 0 0 0 2 S Al

5,6 21 6 14 25 60 3 7 1 2 4 1 2 S 0 0 ' 1 2 42

Total 76 27 18 /8 36 11 7 7 S 37 24 7 . S 0 0 S 3 152

Talk 6 CRiite/le1n, Change pet unknown (-)

2 , 12 5 21 3 12 2 8 4 1,7 7 29 0 0 1 4 . 2 6 24

3 22 7 16 16 -36 - S- - -11 2 4 11 23 3 7 0 0 0 0 44

4 21 12 29 13 Si 4, 9 3 7 9 21 1 2 0 0 0 0 42

5.6 21 7 .17 26 62 6 14 1 2 1 2 1 2 0 0 0 0 42

Total - 76 31 20 58 30 17 11 10 7 20 18 5 3 1 1 2 1 152
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are now used only for subtraction tasks. Routine mental operations or

algorithms are used on Tasks 1 and 4-(the addition tasks) and

`algorithms on Task 2 (the simplest subtraction task). Direct modeling

is often used on all subtraction tasks but rarely for addition, and

counting sequences are often used with the missing addend problems

('Casks 3 and 6) and the compare problem (Task 5). A considerable

increase in use.,of counting sequences is apparent from cognitive group

'`
2 to cognitive group 5,, 6 on these tasks. However, little difference

is,seen between group 3 and group Ittchildien in use of these

strategies by grades% there is still a significant difference between

use of 'inappropriate strategies and cognit ve. group for the students.
6

In summary, there are important vary, tions in strategies used due

to problem set (size of number) and due/to specific taski. Yet, what

is clear from this data is that there are impottant interactions

4
'between children who have been identified as having different 4

cognitive processing capabilities and problem set and task. Different

straieees
(
on theye addition and subtraction tasks regardless, of the

other impor ant factors are used by children with different

capiCities,
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Chapter 4

COGNITIVE PROCESSING CAPACITY AND CHILDREN'S PERFORMANCE

ON STANDARD ADDITION AND SUBTRACTION PROBLEMS

In t chapter, the fourth study in this set is reported. Its

purpose was to relate the children's cognitive capacity and grade

level to thiir performance on a standard set of items related. to

addition and subtraction. The strategy used in this study was

,achieveme t monitoring*(Romberg & Braswell, 1973). This procedure

involves epeatedly measuring groups of students in quasi-
.

,

experimental design (Campbell & Stanley: 1963). Thekmeasures were

i
...c ,... e .

ohjectiv_referenced sets of items,onmaxious aspects 'of addition
4

and subtraction. The quasi experimental design involved, combining
r y0

longitudinal and cross-sectional designs. In Figure 2, the procedure;

for'describing boththe longitudinal and cross-sectional data is

4

shown. The within grade longitudiil growth; is represented by the

relative heights of the unshaded planes for the group for students in

each grade. The shaded plane cross grades parallel to the time of

...testing axis is the cross sectional growth representation.

The data gathered in this study are summarized first in terms of

percent correct on the scales &reach giade to portray longitudinal.

growth. Second, cross sectional, growth profiles are presented on the

common scales across grades. Third, summarizations of performance are
\

made for students belonging to the same cognitive groups by grade and
\ ,

\

_

across grades. Then in conbiusion, we related these data fqr third
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LEVEL OP PERFORMANCE

s

Figure 2. Longitudinal mean growth (unshaded planes) and orosssectional
growth (shaded plane) for grades t, 2, and 3 students.
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grade children to the strategies they used to solve the verbal "

problems (D and E7p4oblema) discussedin Chapter 3e

o

A sample of FhildrSn in each grade from the population examined

.

in the previous studies in this series (see Chapters 2 and 3) were

administered a set of items on three occasions over a three- to

four-month period in 1980/(February 29, April 11, and May 28.or July.

6). in each administration, a-set of test items was give' to,each

student. Each child's performance on all items was scored, This

report presents the data Irom those test.administrat ons..

.4*
!

\ ,
.

.
Description of the Tests

E.

/
- A battery of papdr-and-pencil objective referenced tests haqI .;

previously been deifeloped to monitor student achievement on addition
.

t

and subtraction skills at grades 1, 2,_ and 3 (Buchanan 1 Romberg,

1983). The battery contained three test forms for each grade. The

items were written to assess the instructional objectives of ten

experimental topicls designed to teach addition and. subtraction as well

as to measure performance on certain prerequisite ttb.j actives Sand

+.

noninstructional obje6tives (Romberg, Carpenrgr, & Moser, 1978). A

summary of all objective included in .the,battery is provided in Table
1

29. flot all objectives were assessed at'all grade levels, however. 1

For this study, because of the small sample of students to be tested,

ane of the three forms was administered at each grade (Form K at Grade-

1, Form S at Grade 2, Form V at Grade

Form K was a 30-minute test containing three subtests: a 15-item

multiple-choice subtest itiB two separate 9-item subtests assessing

recall of additiond subtraction facX.s under speeded conditions.

Form S was a 35-minute teat containing four subtests: three of the
/

107
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Table 28

Children at each Cognitive Group in each Grade

AmliwwwIlmw.wa

/
....

. Cognitive Group

3
i.-4

*4:1

Sandy Bay
Infant School

Waimea Heights
primary School

Grade 1 Grade 2 Grade 3

1 3 2 0 5

2 3 6 4 13

1 2 8 11

4 0 0 8 8

5,6 0 0 7 7

'',4 Total 7 10 27 44

Total .

wimlow

0
N4

'A

tk

4

ex
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Table 29

Objectives Assessed in Addition and Subtraction

Achielement Monitoring Battery

it

S

$7

a-

Prerequisite Instructional Objectives

Numerousness
0 -10

11-20
0-99, writes
0-99, represents

Ordering, Place Value
seta, one-to.lone correspondence
numbers 0-20
numbers 0-99, orders
numbers 0-99, notation-

Instructional- Ob ectives for the S and

A Topic Series

Open Sentences
add 0-20
subt 0-20

Sentence-Writing 0-20
add-simple joining
subt-simple separating
subt-part,part whole-addend
add- part part whole
subt-comparison
subt-join-addend

Sentence - Writing 0-99
add-simple joining
subt-simple separating
subt-part part whole-addend
fdd-part part whole
subt-comparison
subt-join-addend

Algorithms
add 0-99
subt 0-99

Non-insxructional Objectives
YIN

Pro4earSolving 0-20
add-simple/joining
subt-simple separating
subt-part pait Whole-89M
add-part part whole
subt-comparison
subt-join-addend

Problem-Solving 0-99
add - simple joining

subt-simple separating
"subt-part pait whole-addend
add-part part whole
subt-comparison
subt-join-addend

Counting 9-31
on

back

Basic Facts--Speeded Test
-add 0-20

subt 0-20

AlgorithmsTimed-Test
'add 0-99
add 0-99

109
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subtests were similar to the Form K subtests with some items dropped

and some added fo.ming a 19-item multiple-choice sub test and two

12i;em recall tests. The fourth subtext was a 4-item free response,

sentence-writing measure. -Form V for third gradeAwas a 40-minute test

containiniiii'subtests. In this case, the two recall subtests and

the sentence -- writing subtext were identical for the Form S subtests.

Five items were dropped from the Form S.multiple-choice subtext

leaving 14 items: The two new subtests were 24-item timed measures of

performance on addition and subtraction algorithms.

Multiple-choice subtests. Individual objectivea_in_the-areas-of

numerousness, ordering,Tailarruffen--titTees, and algorithms

_-
were represented by one multiple-choice item in each test -form on

which they were assessed. For the two objectives for counting,
- --

counting on and counting back fox numbers to 18, there was one item
-

per form; however, an additional counting item for numbers to 31 was

included in each test because information on these numbers was of

potential interest relative. to interview problem situations using

larger items (see Chapter 3).

Foueindividual objectives for sentence.rwriting were represented

by a multiple-choice item in each form. For grade 1, these items

contained numbers 5-9 or 11-15; for grades 2 and 3 the number domains

were 11-15 and 0-99. Since there was no way in a multiple-choice

format to have students actually write a sentence, th0 items required'

listening to a verbal problem read aloud and then choosing the

sentence which correctly represented the verbal situation. The

problem situation itself was not printed on the test page. This

prevented reading difficulties and also was in keeping with the

9'
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procedures for the interviews in which the problems were presented

orally.

Fo6orm K, two objectives for the problem-solving area were

assessed while for Forms S and V, four objectives were included. The

number domains were the same as for the sentence-writing objectives,

and again, the problem situations were not printed in the student

booklets.

All of the questions in the multiple-choice section of the tests

-were read to the children and then the key phrases were repeated; in

the case of the verbal problems4for the sentence-writing and

problem-solving objectives, the entire story situation was read twice.

The children then marked an X oh one of the four response choices:

the solution, two di:siractors, and the "puzzled face," an option which

indicated "I have. notlearned this yet." The, responie choices,

symbols, and pictures were nottread or explained to the children (with

the exception of the "pUfzled face").

The "puzzled face" option was provided Co avoid unnecessary

frustration and to reduce the amount of random guessing. Although it

was expected that the "puzzled face" choice would be,-used throughout

the achievement testing because there would always be objectives not

yet introduced and/or mastered, this option was particularly useful: a

the baseline period. Marking the "sizzled face" allowed children to

give a positive response indicating that they hadn't yet learned to

find the'answer to the question.

Speeded subtests. There were 9 addition and 9 subtraction facts i

on Form K and 12 on each of Forms es and 4. The fiist six problems ink

1

each case covered the facts from 4 to 4; the last three (or six)

1

1. 1. 1.
1
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involved 10 to 18. The addition and subtraction recall subtests were

introduced by the test administrator; then specificdirectionkon a

tape recording preceded the items presented with intervals of 4

seconds working time tor Form K and'2 seconds for Forms S and V. The

children wrote their answers in designated spaces, leaving spaces for

unknown facts empty. Therywas a short break between the two

subtests.

Sentence-writing free response subtests. Four of 12

0.,

individual sentence- writing objectives (verbal problem types) for the

numbers 0-20 and 0-99 were assessed in Forms S and V. A frde response

format was employed in which a verbal problem was read-twice to the

students who were directed to write a sentence for the situation and

not solve the sentence. There were two 0-20 and two 0-09 items per

test.

Addition and subtraction al orithms timed subtests. These

subtests, in Form V only, each contained 24 items. The items were

either 2-digit or 3-digit; 18 items required regrouping, 6 did not.

Tne items were arranged in order of difficulty. For example, 3-digit

problems not requiring regrouping preceded 3-digit problems whith

required regrouping and, for 3-digit regrouping problems, those in

which only the ones were regrouped preceded those in which both ones

and tens were regrouped. The students were instructed to try each

problem in order (the problems were alphabetized) and to go on to the

next problem if unable to do a particular example. Six minutes was

allowed foreach subtest.

112
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Test Administration
,

The 'three assistants who gathered data ipi"Study 3 (Chapter 3)

also carried out that task in this study. Guidelines for

administering the achievement tests were provided to each assistant.

The guidelines indicated which tests were to be given, dates for

administration, and so forth.

The first administration was supervised by Professor Romberg and

went smoothly. The second and third administrations were carried out

after Professor Romberg had returned to the 14S. These test

administrations at grade I went smoothly as scheduled. At grade 2 one

item on Form S did not copy well so students could not read that

question. At grade 3 there were two administrative mixups. First,

Form S rather than Form V was given in April to all 'three classes and

in May to two of the classes. This was not a serious problem since

many items are the same, except that the timed algorithms tests were

not given. Second, in the third class Fort V was given in July rather

than May. The May administration was scheduled for near the end of

the autumn term, but the assistant failed to administer the tests at

that time. After a short break, children returned to school to start

the winter term. The assistant asked whether she should still gather

the data and was advised to administer Form V in July. The results of

this administriltion would not reflect much a.:4itional instruction

since there had been a break between terms. All data were then

shipped to Madison and scared by Center staff. Each subject's

responses were recorded and are thejasis for all summary information

appearing in this paper.

113
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Longitudinal Growth Within trades

Grade 1. The percent correct for students at grade 1 on the

individual objectives and composite objectives for each of the three

administrations is shown in Table 30. Overall, the data show that

this sample of students at the start of the school year (February) had

acquired the prerequisite objectives and could solve the verbal

addition problems (but probably not by addition), snd some (43%) could

find the answer to an.open addition problem. Thvy could not solve

subtraction problems, write sentences, coU4 on or count back, nor

could they recall basic facts.

By te end of the autumn term (May), the addition skills of these

students had improved dramatically. The percent correct improved for

solving an open sentence, 43% to 86%; writing a correct addition

sentence, 29% to 57%; counting on 29% to 57Z; aad addition facts, 33%

to 76%. However, the same cannot be said for subtraction. Only for

solving a verbal comparison problem (29% to 71%) and for subtraction

facts (29% to 56%) was there marked improvement. Obviously,

instruction in grade 1 had some effect.

Grade 2. For grade 2 students, the picture is somewhat different

(see Table 31). Overall for this sample:of nine students, at the

beginning of the sc ool year the percent correct was quite low. In

fact, on only three tems did more than half of the students get the

correct answer. iert of the difficulty was that Form S used large

numbers (0-99) in several of the questions. By May, improvement on

several composite objectives was apparent. The students were
4

comfortable with numerousness of larger sets (56% to 75%), had

improved on basic facts (29% to 51% and 23% to 53%, but not yet to any

4, 114



Table 30

Pe:can't Correct for Objectives and Composite Objectives by

Administration Time for Grade 1, Form K

Description of Objectives
Results for Objectives Results fot Composite Objectives /

0

'Number

of Items
Feb.

N=7
April

N=7

May
1477

J
Number

of Items
Feb.

,N=7
April

N=7

May
N=7

Prerequisite Instructional Objectives

A

1
1

1

1

1

1

1 .

1

3.

1

3.

1

2

1

100
71

86

100

43
14

14
. 29

29

14

100

29

29
0

4

100

43 .

71

100

57

14'

0

14

14

14

100
14

43
14

100
86

86

86

86

14

0

0

57
29

100
71

57
14

2

2

2

4

2

3

9

9

86

93

29

21

64

19

33

29

71

86

36

11

57

33

49

44

. 93

86

,

50

21

86

43

76

56

Numerousness
0,10

112-20

Ordering
sets, one-to-one correspondence t
numbers 0-20

Instructional Objectives for STqpil

Open Sentences
add 0-20
subt 0-20

Sentence-Writing 0-20
subt-simple separating (11-15)
subt-comparison (5-9)
add-simple joining (11-15)
subt-part part whole-addend (11-15)

Iioninstructional Objectives

Problem Solving 0-20
add-part part whole (5-9)
subt-comparison (11-15)

Counting On 9-31
Counting Back 9-31

Recall of Basic Facts-Speeded Test
add 0 -20

subt 0-20

t
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Table 31

Percent Correct for ObjectiVes and Composite Objectives by

Administration Time for Grade 2, form S

ti

Results for Objectives Results forlComposite Objecties

May
N=8

Descrip_tion..oL.Dbje_c_times
Number
of Items

Feb.

N=9
April
N=9

May Number
of of Items

Feb.

N=9
April
N=9

Ittri2stectives

1

1

1

1

1

1

1
1

1

1
1

1

1

1

56

11

0

22

11

33

0

11
22

56

0
56

0

11

11

.

,

s'

.

67

0

0

78

0

33

0

11

11

44

0

89

78'

33

0

a

75

25

13

100
75

.

25

0

25

13

75

0

100 .

63

13

38

1

2

2

4

2

'

56

6

17

17

28

67

0

39

14

53

17

Numerousness
writes 0-99
represents 099

Ordering, Place Value
ordering 0-99
place value 0-99

Instructional Objectives for S and
A Topics

Open Sentences
add 0-20
subt 0-20

Sentence-Writing 0-20, 0-99
(multiple choice)

subt-simple separating (11-15)
subt-comparisdn-(0-99)
add-simple joining (0-99)
subt-part part whole-addend (11-15)

Sentence-Writing 0-20, 0-99
(free response)
subt-simple separating (0-99)

subt-part part whole-addend (0-99)
add-part partwhole (11-15)
subt-join-addend (11-15)

Algorithms
addition algorithm
subtraction algorithm

75

19

88

16

118
S9

25
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Table/31 (continued)

Q I

Results for Objectives aesults for Composite Objecaves

Description of Objectives
Number
of Items

Feb.
N=9

April
N=9

May
ETA

Number
of Items

Feb.

N=9

April
N-..9

May
'N=8

Noninstructional Objectives

1

1

1

1

2

1

0

22

44
22

33

22

22

56

67
11

28

44

25

50
13

13

81
25

4

3

12

12

22

30

29

23

39

33

35

30

25

63

51

53

Problem-Solving 0-20, 0-99
add-part part whole (0-99)
subt-comparison (11-15)

;

subt-part part whole-addend (11-15)
subt-join-addend (0-99)

Counting On 9-31
Counting Back 9-31 .

Recall, of Basic Facts -- Speeded Test
add 0-20
subs 0-20

a
Students were unable to complete item because tests duplicated poorly.

I
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level of mastery), could solve simple open sentences (17% to 88%), ail/

had improved in courting (30% to 63X) and writing sentences for verbal

problems (28% to 59%). Again, instruction had an effect, but

increases in performance were not apparent for'ordering large numbers,

problem solving, selecting'written sentences for verbal problems, and

algorithms.
. .%

Grade 3. For grade 3 students, the picture was more encouraging

(see Tible 32). In February, their performance yap not high (above

1,80%) except on two items, but by the end of May (or'early July)

performance on all copposite objectives except one was approaching or
I

about 80%. The one exception was the item on place value'for numbe6

0799. Sentence writing-selectlkskills had impfoved, but for some

subtraction situations (comparison and part-partJwhole addend) scores

were not yet high.
O.

Performance of the grade 3 students on the timed algorithms test

is shown in Tale 33. In February when all 22 children were tested,

they perfotted or the six addition-withouflregrouping emblems

and fair on the three items testing 2-41V.t subtraction without

regrouping. !On aft others, they did poorly. Part of the difficulty

was that because of the timed conditions moat. did not attempt the last

items in the test. Those 'children who did reach the itemsdid fairly

weIl on the addition regrouping items but had considerable difficulty

with the subtraction items' requiring regrouping.

Unfortunately, no children were given this test again in April or

A
May and'only 12 in July. By then, performance for those students was

considerably bet..:er. There was still some difficulty with the

121'
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Table 32

Percent' Correct for Objectives and Composite Objectives by

Administration Time for Grade 3, Forms S, V

.-r

Description of Objectives

Results for CO-WiifiObjectives

-Number Feb. April MayiJulya Number Feb. April May/July
of. Iteio N=22 N=22 N=11/12 of Items N=22 N=22 N=11/12

Prerequisiteinstructional Objectives

Numerousness
writes 0-99
represents 0-99

Ordering, Place Value
ordering 0-99
lace value 0-99

Ins uctional Ob actives for S and
'opics

1

1

45 32 64/02';

91 100/91

36. 91 64/75
23 '50 0/42

2 68 61 82/92

'2 , 30 70 32/58

Sentence-Writing 0-20, 0-9°
(Multiple choice)
gubt-simple separating (11-15)
subt-comparison (0-99)
add-simple joining (0-99)
subt-part part whole-addend (11-15)

Sentence-Writing 0-20, 0-99
(free response)

subs- simple separating (0-99)
subt-part part whole-addend (0-99)
add -part part whole (11-15)
subt-join-addend (11-15)

3.

1

1

1

1

1

1

1

60
18
77

10

36

5

68

.45

91

9l
50

77

23

95

60

73/100
18/58

64/100
9/75

82/92
18/67

100/92
55/75

1/

4

41

39

122
AVI

otw

61 41/83

64 64/81

123
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Table 32 (continued)

Description of Objectives

Results for Objectives Results for Composite Objectives

Number Feb,. April May /Julys

of Items N...22 N=22 N=11/12

Noninstructional Objectives

Problem-Solving 0-20, 0-99
add-part part whole (0-99) 1 55 68 64/92
.subs- comparison (11-15) 1 91 77 100/100
subt-part part'whole-addend (11-15) 1 77 95 91/83
subt-join-addend (0-99) 1 45 73 64/75

Recall of Basic FactsSpeeded Test
add 0-20
subt 0-20 -, .

Algorithms- -Timed Test
addition algorithm
subtraction algorithm

Number
of Items

Feb.

N=22
April
N=22

May/July
N=11/12

4 67 78 80/87

12 44 65 66/94

12 40 69 - 52/84

24 41
_b

24 15 --/65-

a
Form S was used in April and May; Form V was used in February and July.

b
Form S did not assess this objective.

124
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Table 13

nrcent Correct for Addition and Subtracaon Algorithms

Timed Tests by Problem Type for Grade 3, Form V

Percent Correct

Item Type Number
of Items

Feb.
N=22

July
N=12

Addition

2-digit (without regrouping) 3

3-digt...t (without regrouping) 3

2 -digit (with regrouping) 8 6

86

93

49

100

94

89

3-digi (with regrOuping) 9 /6 78

3=digit addends 3 0 44 .-

Subtraction

2-digit (without regrouping) ,3 % 68 94

3-digil. (without regrouping) 3 33 89

2-digit (with iegrouping)a 6 8' 75

3-digit (with regrouping) /2 0 47

a
3 items are 2-digit ± i-digit.

126
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three-addend addition problems and the subtraction regrouping problems

but the increases in every case are striking.

In summary, for this small sample, of children assessed at each

grade level, growth within each grade on some aspects associated with
a

addition and subtraction is 1lear. Growth, however, is not uniform

across objectives. In addition, overall level of performance on many

objectives is not high., Students by mid-third grade have yet to

master many aspects of either 'addition or subtraction.

. The overall picture these data presents is of children struggling

to learn the complex arithmetic skills associated with addition and

subtraction and to use those

children had difficulty with

skills to solve verbal problems.

place value even though they correctly

answered 3-digit problems. Work-on algorithms. improved even though

basic facts were weak. And children correctly solved some simple

verbal problems with little arithmetic competence.

Cross-sectional Growth Across Grades

To portray cross sectional growth (see Figure 2), five objectives

were assessed in all three grad4: sentence writing: subtraction-simple

separating (11-15); sentence ',mixing: subtraction-part-part -whole

missing addend (11-15); problem solving subtraction-comparison (11-15);

recall of basic facts-addition; and recall of basic facts-subtraction.

Also two composite scales were administered,to both grade I and grade

2 children, and the composite scale ordering, place value was administered

at both grades 2 and 3.

The cross-sectional data for these scales are presented in Table

6 '

34. On each objective, considerable growth is evident. But, as with

the longitudinal data, the growth is not uniform or smooth.
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Table 34

Percent Correct for Common Objectivea and Composite

Objectives for Cross-sectional Growth Across Grades 1, 2, and 3

Description of Objective
41.

Percent Correct

Feb. April Niy/Julya.

Grade 1 Grade 2 Grade 3
WI N=9 N=23

:Sentence Writing
subt-simple separating (11-15)
subt-part part whole-addend (11 -15)

*Problem Solving
sub t- comparison

=Recall of Basic Facts--Speeded Test
add 0-20
subt 0-20 4

14

14

29

33
29

33
11

56

A

35
30

87

39

100'

78

69

Feb. Nay
Grade 1 Grade 2

N=7 N=8

-Open Sentences

Itounting-On and Back
29" 88
19. 63

Feb.. Nay/Julya
Grade 2 Grade 3

N=9. N=23

Ordering, Place Value

,,,,

6 46

aData gathered on these dates have been combined.
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Performance of Children in Cognitive Groups Within Grades

\Because of the swill sample of students to summarize data for

children. in different cognitive groups, their scores have been

aggregated into a total score across all three administrations of the

tests.

Grade 1. The relative per mance on thetest items for children

in grade 1 in different cognitive roups is shown in Table 35. There

were-thiwe children in both cogni Ye Groups 1 and 2, but only one

child 'in cognitive Group 3. The differences in performs* for the

eight composite objectives favor the Group 2 children over tote Group 1

children on six composites with some of the differences being quite

_large. In addition, the Group 2 students increased in performance

from February.to May over all the objectives but the Grow I students

liproved only in recall of facts. The single Group 3 child fails to

fit any pattern.

Grade 2. For the grade 2 children, the relative performance for

children at different cognitive groups is shown inTable 36. There

were two children in cognitive Groups 1 and 3 and five in Group 2. In

general, tbe pattern shows Group 3 children performing better than

$

Group 2 children who in turn do better than the Group A children.

Some of the differences are striking, for example, open sentences

(58%-46;-33%) and addition facts (60%-352 -24%). However, there is one

anomaly. For the four problem - solving items, the Group 1 children did

better than either other group (46% to 20%,to 33%). However, slime

these' children were low on facts, algorithms, and counting skills, the
fte

results suggest that they found answers to the verbal problems using

other strategics. The children with better arithmetic skills Obut.not

129



Table 35

Frequency and Pereunt-Carrettfor-Comperr tre40b jucti 'orrtriva-,Croup----

for All Administration.Timea forGrade 1, Pore K

,

Description of Objectives Number
of Items

Cognitive Group 1 Cognitive group 2 Cognitive Group 3 Total

Frequency Percent Trials Frequency Percent Trials Frequency Percent Trials Frequency Percent Trial-

tararesialsite Instructional ObJecrives

Numeroqsness 0-20

Ordering 0-20

2

2

14

16

78

89

18

10

17

15

' 94

SI.
18

18

- 4f

6

67

100

6

6

. 35

37

'83

88

42

42

- =Instructional Objectives for the

Topics,

2 7 39' ; 18 a 39 IS '2 33 6 16 ' 38 42- Open Sentences

Sentence-Writing 0-20 4 4 11 36 9 25 36 2 17 12 15 18 84

Aioninstructional Objectives

%Problem Solving 0-20 2 12 67 18 13 72 18 4 67 6 29 69 42

Counting 3 2 7 27 16 59 . . 27 2 22 . 9 20 32 63

Addition Facto RecallSpeeded Test - 9 24 30 81 65 80 81 11 41 27 100 53 189

Subtraction Facts Recall--Speeded
Test

9 24 30 81 49 60 81 8 30 27 81 43 189°

13.0 131
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Table 36

Frequency and Percent COrrect for Composite Objeltives by Cognitive Group

for All Administiation Times for. aiier-roah b

Description of Objectives
Number

of Items

Cognitive Group 1 Cognitive Group 2 Cognitive Group 3 Total I.

Frequency Percent Trials Frequency Percent Trials Frequency Percent Trials Frequenc Percent

44
Trials

Objectives 04;#121mIsitalnitructional

Numerousness 0-99 1
a

4 67 6 8' 58 14 5 84 6 17 67 26

Ordering, Place Value 0-99 2 3 25 . 12 0 0 28 1 8 12 ''* 4 8 52

-Instructional Objectives for the
;$ and A Toptcs

Open 7(ntences 2 4 33 12 13 46 28 7 5,11 12 24 ' 46 52

Sentenca-Wriring 0-20, 0-99
(nultiplc choice)

4 1 4 24 11 10 56 4 17 24 16 15 104

Sentence-Writing 0-20, 0-99
(free response)

4 9 38 24 25 / 45 56 14 58 24 48 46

3
Algorithms 2 1 8 12 4 14 28 4 33 12 9 17 52

Nuninstructional 01119ctives

Problem Solving 0-20, 0-99 4 11 46 24 11 20 56 8 33 24 30 29 104

Counting / 3 6 33 18- 14 33 42 12 67 18 37 41 78

Addition Facts RecallSpeoded Teat 12 17 24 ' 72 58 35 168 43 60 72 118 38 312

Subtraction Facts Recall--Speeded 12 16 22 72 50 30 168 43 60 72 109 35 , 312
Test

aTvo items were administered for tNe numerousness objective, students had difficulty reading one of the items due to poor quatity of the test duplication so
-.data far this item were dwarded.

1r ;
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1

close to mastery) may have attempted to use those skills to solve the

problems,_but ma

by the decrease i

as the year progr

Grade 3. Fo

the results are s

e errors. This explanation is further sulistantialt

performance of the Group 1 children on those items

Csks_and_as their arithmetilskins improve.

the grade13 students in lifferint cognitive groups,

I

iking but somewhat ambiguous (see Table 37). The

Group 5,6 childre performed better on'all objectives than Any other

group, and Group children were lower than other groups on all -the

objectives. But coups 3 and 4 failed to differ in a consistent

manner. Obviousli?, the differing gharacteristics of these two groups
. .

.1

are not related to differences in performante. Most of the

differences between the Group .5,6 and the Group/2 Children are large

(selecting sentences 65% to 44%, ordering 68% to 33%, subtracU\,n

algorithms 512 to 132, and so forth).

In summary, with one important exception, children who were

identified as being in a particular cognitive group performed

different than children do other groups within each grade. The one

.exception was the lack of consistent differences,between Group 3 and

4 at grade.3 Again, it should be noted that Groh') 3-it grade 3 also

failed to differ on the interview tasks (see Chapter 3) and only e,

differed on "transitivity" on the cognitive tasks (seeChapter 2).

Overall, however, it is very apparent that children who

cognitive processing capacity (Group 1, Group 2, Groups

Group 5,6) performed differently. regardless of specific

instruction over time, or grade.

1'4

differ in

3 and 4, and

.objectives,

'C
a.
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Frequency and Percent C

6

V
Table 37

toe Coapos1.6 Objectives by Coin/Alva Group

for All Administration Times for Orel& 3

F...
Cognitive Oreup Ceguitive Otoup 3 Cos:delve Cteup 4 Cognitive Otomp 5,6 Total

044ctiptinn,o( Objettives Nutlet
v. of !rear ftequenty te-tient Trials Frequent/ Ferran Tr1410 frequency Percant Trials Frequency ?ardent Trials Frequency Farceet Fetal'

fteetiltilLAWNgtional OktelkeS

Kantrellfeess 0-99 2 15 63 26 29 73 40 24 67 36 29 83 34 97 72 134

Ordering, Plate Velum 0-99 '2 8 33 24 20 90 40 14 39 36 23 68 36 65 , 49 134

I kW. Obiestivec foe the S

4tatk
Seatence-Uriting 0-20, 0-99 4 21 44 68 42 33 80 39 54 72 44 1.5 68 146 54 268
(multiple choice)

-,

Sentence- Witte' 0-20, 0-99 4 25 32 40 ap 61 80 37 51 72 44 ' 63 68 155 $8 268
Moe rempcase)

Neftinstructional 0 actives ,

4 34 71 48 SO 73 80 $$ 26

.

72 58 gg 00 203 7* 268trebly Solving 0-20, 0-99

Addition 41gorithas--.2114ed To:t4 24 30 31 96 134 S1 264 111 51 216 172 72 240 447 0 816

Subtraction Algatithes -Timed test* 12 12 13 96 28 30 264 $$ 2$ 216 122 31 240 267 33 816

Addition Facts Recall -- Speeded Teat 12 63 4$ 144 152 63 240 133 62 216 162 79 204 $12 14 804

Subrra.tfon Vette Seeall--Speeded Teat 12 61 42 144 135 56 240 126 $8 216 154 75 204 476 $9 804

-1_

etjettive vas asarasod in Fcbr4ary for 22 Seneentv tepccsmaing all cognitive groups and in Me/ for 12 stoattute in all Groups emeept 2.

13

1.

It vas not selossed In Apall.

13 13
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Performance of Children in Cognitive Groups Across Grades

Performance data from Tables 35, 36, and 37 for children in

cognitive capacity Groups 1, 2, and 3 are compared in this section.

(Children in Groups 4 and 5,6 are only in grade 3.)

Group I. The performance of children in this group at both

grades I and 2 is shown in Table 36. In general, the performance of

these children at both grades is consistent with their capacity. Only

for ordering small numbers is their per )rmance adequate.

strikingly, there is little difference in performance between grades.

Only on the counting items is there a marked difference (7%.to 33%)

but still performance is very low.

Group 2. Children in this capacity group are at all three grade

levels. The comparative data for these children are presented in

Table 39. Performance gains by grade are apparent,tbnt in most cases

very modest. For example, performance on solving open sentences goes

from 39% to 46% from grade 1 to grade 2 or performanpe on 4writing

sentences (free response) from 45% to 52% from grade 2 to grade 3. .

Only for problem solving (0-99) was there a marked gain (20% to 71%).

Also, there is a marked decrease in performance from grade i to grade

2 on performance on recall of both addition and subtraction facts.

The decrease is undoubtedly due to the increased number of facts and

decreased time for response over forms. This clearly suggests the

high performance at,grade 1 was not due to having committed them to

memory. Also, It should be noted that at grade 3, these children have

not learned to use the addition and subtraction algorithis with any

facility. Again, overall, the performance of these students reflects

level of capacity more than grade level.
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Table 38

Fr quency and Percent Correct fo ComyosiJ Objectives

for Cog itive Group 1 for All Admi stratioa TiOes Adross Grades

,

Description of Obje tives
//7 Grade 1 Grade 2

Pixtquency" Percent Trials `Frequency Percent Trials

Prerequis e Instructio 1 Objectives

Numer ness 0-20

Numerousness 0-99
Ordering 0-20
Ordering, Place *slue 0-99

Instructional Ob ectiifes for the'S
and A Topics /

Open Sentenc4
Sentence-Writing 0-20
Sentence-Writing 0-20, 0-99

(multiple choice)
Sentence-Writing 0-20, 0-99

(free response)
Algorithms

-

14 78

16 '89

7 39

4 11

18

18-

18

36
.1IN

IN/

4
IN/ MO

3

4

1

9

1

67
.11

254

33

4

39

8

6

12

12

24

24

12

Noniastructional Objectives 411

12, 67 18 MOMProblem Solving 0-20
Problem Solving 0-20, 0-99 _ . el. 11 46 24

Counting , 2 7 27 6 33 18

Addition Facts Recall--Speeded Test 24 30 81 17 24 72

Subtraction Facts Recall--Speeded Test 24 30 81 16 22 72
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Table 39

Frequency and Percent Correct for Composite Objectives

'for Cognitive Group,2 for All Administration Times Across Grades

Description of Objectpes

rerequisite Instructional Objectives

Numerousness 0-20
.1Numerousness 0-99
Ordering 0-20 "
Ordering, Place'Value 0-99

nstructiorial Objectives foithe S
d A Topics

Open Sentences
Sentence-Writing 0-20
Sentence-Writing 0 -20, 0-99
.-{multiple choice)

Sentence-Writing 0-20, 0-99
(free response>

Algorithms

oninstructional Objectives

Problem Solving 0-20
Problem Solving 0-20, 0-99
Counting
Addition Facts Recall--Sreeded Test
Subtradtion Pacts Recall--Speeded Test
Addition Algorithms
Subtraction Algorithms

Grade 1 Grade-2 Grade 3

Frequency Percent Trials Frequency Percent Trials Frequency Percent Trials

17-- 94 18 --
8 58 14 15 63 24

15 83 18

-- 0 0 28 8 33 24

7 39 18 13 46 28 1110 4.11N

9 25 36 NAM /NMI .M101

OPP PM 11 20 56 21 44 48

-.. -- -- 25 45 '56 25 52 48

__. 4 14 28 1111

13 72 18 -- -- dm NON

.... -- _.- 11 20 56 34 71 48

16 59 27 14 33 42 -- _.. - -

65 80 81 58 35 168 65 45 144

49 60 81 50 30 168 61 42 1i4
__. -- -- -- NV/. -- :JO 31 '96

-- -- -- -- -- _... 12 13 96,--'
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Group 3. The data for children im this cognitive capacity group

,at grades 2 and 3 are compared in Table 40. There are some important

diff

per

,17Z

erences in performance which are due to vrade: For example,

ormance increasbs from 8% to 50% on ordering* Place value; from

to 53% on sentence - writing (multiple choice); and from 33% to 73%

problem solving. However, for.all other, scales, performance is

imilar across grades. Overall perfoimanceis fair* some facility

witW the addition algorithm is apparent, but not with the subtraction

algorithm.

Injummary, while it cannot be denied thatteaching.or experience

accounts for some differences in the level of performance for these

children on standard addition and subtraction tasks, what is striking

is that the actual level of performance appears *p be consistent with

capacity. Differences in performance between groups and within groups

across grades are differences one could expect based, on the nature of

the groups (e.g., level of quantitative skills, memory capacity, and

SO on).

Relationship of Performance on Algorithms to Strategies Used to Solve

Problems

One overall goal of instruction on addition and subtraction is

that studenta, when faced with a verbal problem (such,Ss those

presented in Chapter 3), would solve those problema using an addition'

or subtraction algorithm. Fqr the third-grade children in this atudy,

relationship of their performance on the timed algorithm problems to

the strategiea they used to aolve verbal problems Which could be done

using those algorithms vis now examined. Tice strategy data were

collectod in the interview atudy diacuased in Chapter 3. We were
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Frequency and Percent Correct for Composite Objectives
. .

for Cognitive Group 3 for All Administration Times Across.Grades ./
/

."

Description.of Objectives

Prerequisite Instructional Objectives

Numerousness
Ordering, Place Value 0-99

Instructional Objectives for the S
And A Topics

-Open-Sentences
Sentence-Writing 0-20, 0-99

(multiple choice)

Sentence-Writing 0-20, 6-99
(free response)

Algorithms

Noninstructional Objectives

Problem Solving 0-20
Counting
Addition Facts Recall--Speeded Test
Subtraction Facts Recall--Speeded Test
Addition Algorithms
Subtraction Algorithm's

Grade 2. Grade 3

Frequency Percent Trials Frequency Percent Trials

5

7

7

4

-14

4

8

12
43
43

em.dm.

84
8

---58- ----;

17

58 '

33

33

67
60
60

,&1010

6

12

-12

24'

24

12 .

24

18

72
72

01=IMIP

0M0m,

29

20

42

49

Ye.

58
Mololo

152
135

134

78

73

50

RPM

53

61

Man.

73

63
56

51
30

40
40

.8e,,

80'

80

240

240\
264
264

40TE: The one Group 3 child at grade 1 was not included in this comparison.

-.
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particu4r155,interested in examining whether or-not students who had

learned to use the addition and subtraction algorithms in fact chase

to use them when solving such verbal problems.

' For addition problemit requiring no regrouping, at time 1, 62

items were Attempted-and 57 were correct (92%) and in July, all 36

items attempted were correct. With one exception (student 517), these

students knew how to add 2digit numbers without regrouping. However,

on the interviews at time 14 algorithms were used only 59% of the- time

(54 correctly). On interviews 2 and_3, the percent of use increased

but onlyao 79% and 72%.

Similar data for addition with regrouping, showed at time )

students attempted 95 items and got 66 correct (69%) and by time 2

they attempted 74 items getting'66 correct (89Z). Thus, while there

was some difficulty with regrouping at the start of the.year, by July,

with the exception of one student who200alerrors in six problems,

the students all could add with regrouping.

T.ie interview data show that in spite of this level of

performance, many students did not use the algorithms to solve verbal

4 addition problems. On the interview 1 tasks, about half (54%) of the

children tried using an algorithm (46% correctly). On the second

Interview, this had changed to 60% using/in algorithm (48% correctly)

and by interview 3, 78% used an algorithm with no errors.

For subtraction without regroupihg, performance on three

achievement items contrasted with strategies used on the four vertli

subtraction problems showed similar resulter At time 1, 55 items had

been attempted with 45 being correct (82%) and by time 2, 34 of 36

attempts were correct (94%). In fact, only one student made any
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errors in July. On can conclude that these students were able to

113

subtract without regr. ping. However, on the four verbal subtraction
. . . .

problems only 14%.of the strategies used were algorithmic (only 9%

2-

correct) at Ar(start of t ear. By eCond interview, this had

increased to 25% and finally o 34% by the third interview.

Furthermore, over half of the tal attempts (59k) were just on Task 2

(simple separate), the most obvio s subtraction problem.

The same pattern, only morel) pnounced, occurred for subtraction

with regrouping. At the start of the year, only 38 items were

attempted and only 12 were correct (32%). Many children managed only

to Complete the.4rst six no-regrouping items in this timed test so

that therizis-46 realTailsure of their cararlity.

hard to imagine why they were so slow, one can only assume that they

could have been unable to do the regrouping problems had they

attempted them. By the second administration (July), 66 items were

attempted and 5 were correct (82%). Also, only two students made more

than one error on .the six problems. Thus, while there was evidence of

considerable difficulty in subtracting with regrouping in February, by

the end of the Autumn term, most were capable of using a subtraction

algorithm.

But 'again, in spite of knowing the algorithmic procedures for

subtraction, most children did not attempt to solve verbal problems

using them. On the first interview, algorithms were used on only 13%

the items (5%- correctly). On the second interview, this had

increased to 23% (11% correctly), and by the third interview, it was

352 (26% correctly). And, as with subtraction no-regrouping, most of

the attempts were on the simple separating tasks (44%).

'144



114

Also on this last set of verbal problems, the cognitive Group 2

students make the most total attempts to use lgorithms (35% of the

time). This ill

achievement test

verbal problems.

true

and

eVerrthough-tney-got n _cQxrectotjlbe_.
-

made the most errors (only 10% correct) on these

In contrast,the Group 5,6 students attempted to use

algorithms only 22% of the time.

Overall, this relationship between skill of doing addition and

subtraction algorithms and using the algori to solve verbal

problems is interesting. Most third-grade students use other

strategies (counting, fingers, and so forth) until -they become really

confident in using the' algorithms. However, Group 2 children who have

----n-et,acquirp440 trate ies-to solve these problems tend to use the

taught algorithms even though they are not'proficient in their use.

This suggests that.most students at grade 3 recognize that these

problems can be solved using algorithms but chose to use other

-familiarstraftegies.--The.problem structures (verbal semantics)

clearly influence eow the problems are worked. In fact, the semantics

seem to be more Ampoitant than the realization that the problems could

be done algorithmically.
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Chapter 5

COGNITIVE PROCESSING CAPACITY

AND CLASSROOM INSTRUCTION

The fifth and last study in this series is reported in this

chapter. Its purpose was theiramlitre-thi-i-dren who

differ in cognitive capacity receive different instruction?,

The Sam le for this Stud

To examine this question, a sample of children from the

population used in studies 3 and'4 in this series (see Chapter 2) were

daYinvinitruction-over-a-threeTmonth-period in 1980

(February 27 through May 28). The number ofIchildren selected to be

observed in each cognitive group in each class in each grade is shown

in Table 41.

The observational data were gathered from a content perspetive.

Otir attempt was to determine the way in which aspects of content

influence certain teacher behaviors during instruction and in turn how

these actions affect pupil outcomes,. In particular, the extent to, _=

which children are engaged in learning mathematics.is being examined.,

To do this a model of classioom instruction was constructed where

"content segmentation and sequencing" and "content structuring" were

hypothesized to influence teacher planning which in turn influences

classroom organization, the allocation of instructional time, verbal

interactions within classroom; and, eventually, pupil engaged time
4tr,g

(see Romberg, mill, & Carnahan; 1979, for a complete explication of
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- Table 41.

Children in Each Cognitive Group in Each Class

Used in the Obser4ation Study

Sandy Bay Infant

School Waimea Heights Primary School

Class Class

Cognitive.-
Group

3. 2 3 4

Grade 1 Grade 2 - Grade l' Grade

1 2 2

:2 3' 4 3

a
3 3. 2 2 2

4, 2 ' 2
.

5,6 . 3 1

Totals 6 8 7

3

5

TotalGrade 3

4

10

2 9

2 6

2 6

6

-

11.47

p
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the model). To test this model, data have been gathered on various

117

components of the model in realistic classroom setting° for several

periods of time (see Romberg, Small, Carnahan, & Cookson, 1979, for a

description of coding procedures.used as well a8 detailed explanations

of coding categories) From such data the relationship of the model

to the reality of classroom instruction as it is observed in the field
Ir

can be examined.

Summary of the Coding Procedure and Aggregation of Data

Data were collected'on content covered and on certainteacher and

pupil behaviors involved in the teaching and learning of mathematics

using two procedures (complete details appear in Romberg, Collis,

Buchanan, & Romberg, 1982). First, to estimate time sprat on various

mathematics objectives, teachers were asked to log the number of

minutes on instruction in nine content areas spent for each target

child. Seven of the nine areas dealt with aspectleof learning to add

and subtract. "other arithmetic" area included time speht on both

multiplication and division activities, and "other maths" encdmpassed

all other activities suchas measurement, fractions, or geometry. In'

r
Table 42, the percentage of total time spent on content area is

,,4

45.1

presented. Overall, these data reflect the curricular emphasis.comM6

in these grades. Almosthalf of the time is spent on addition and

subtraction. The emphasis obviously varies across grades. In:grade

1, the highest percentage :is on addition facts, numerousness and

counting. In grade 2, basic facts for both addition and subtraction

are still emphasized as are counting skills. And in grade 3, most of

the emphasis is on computational algorithms. The only disappdinting

percentages are the little time spent on either writing sentences or
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- Table 42

Percentage of Time Spent on Mathematical Content Area

by Grade--Tdacher Log Data

Content Area

Grade 1 Grade 2 Grade 3

(24 days, 50-60 uin /day)

Percent Time

(25 days, 50-55 min /day)

Percent Time

(111 days, 30 min /day)

(3 classes combined)
Percent Time

Numerousness 14.3 6.4 4.5

Ordering 5.2 5.6 2.1

Basic Facts 15.5 13.3 4.0

(add) (14.7) (6.8) (3.1)

(subtract) (.8) S6.5) (.9)

Problem Solving 2.6 1,4 4.2

Sentence Writing .8 .8 3.1

Algorithms 0 3.1 .24.0

(add) (0) . (3.1) (13.4)

(subtract) (0) (0) (10.6)

Counting 9.3 12.4 1.4

TOTAL
addition and sub raction

47./ 50.2 44.3

Other Arithmetic 13.2 16.8 15.6

Other Maths 39.1 '33.0 41.1,

149
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finding solutions to verbal problems. However, this differential

emphasis is program-related, not child-related. For example, the

reduction in percent of time spent gn,counting at grade 3 is not

matched with the children's dismissat of its use to solve problems.

In fact, it can be argued that the structure of the program at

grade 3 (emphasis on algorithms) presumes children have mastered most

of the prerequisites (like counting and basic facts) and have acquired

a high level of reasoning about numbers (be in cognitive Group 5,6).

This is, of course, at odds with actual data on these students

presented in the last two chapters.

Also, this description is fair in terms,of the content included

in the math curriculum in those schools, but it fails to capture

important features of structure of those programs. In Sandy Bay

Infant School, the program was filled with manipulative materials,

lots of opportunity to explore independently or in small groups, use

of learning stations, etc., and no basal text was used. However, in

the third grades at Waimea Heights, a single text was followed and

most activities involved paper and pencil seatwork.

Observed Data

. Three trained observers gathered the data. These were the same

persons who gathered data iff studies 3 and 4. One observer worked at

Sanar Bay Infant School and observed both the grade 1 and grade 2

classes. The other two worked at Waimea Heights Primary School where

oneobaerved two classes. Each was able to observe instruction in a

class approximately 24 days during the observation period. At the

schools, the observers sat in a class and over time became a fixture

who did not detract either teacher or children.
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Pupil action and teacher action data were gathered using an

observation coding form. The exact nature of the data collected and

the method used to gather it are described fully in the manual

produced by the project staff to train observers (Romberg, Small,

Carnahan, & Cookson, 1979).

In brier, student and teacher verbal behaviors were observed in

each class or a sample of days. A timesampling procedure was used in

which each of six to eight "target" students was observed ina

particular sequence at different moments throughout the observation

period. The sequence in which the students were observed was fixed

prioi to the beginning of the observation period gigd was invariant

while observations were taking place. The teacher was coded for

instances of relevant verbal behavior each time a target student was

observed. The observation of all six to eight students (along with

the teacher six to eight times) represented a coding cycle. It was

estimated that one minute was needed: (a) to observe the target
4

student's behavior, (b) to observe the teacher, (c) to obeherve

organizational aspects of the classroom, and (d) to code the

appropriate categories on the observaEion' form. The behavior to be

coded consisted only of thoae activities the teacher and pupil were

involved in precisely at the beginning of the oneminute time
40,

interval. Through this process, observer bias in sampling moments is

minimized. The coding categorieslwere used to record a description of

'what was occurring at that one instant for both the target student and

the teacher. In this way, a series of "snap shots" would be obtained

which would give a running account of what took place in the classroom

for a particular observation period.
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Observation for a class session began when mathematics

instruction began, and ended when mathematics instruction for that

121

class session ended. Not always did the beginning or ending ofthe'

observation period coincide with the beginning and ending of

mathematics instruction as scheduled. As a result, two measures of

time involved in mathematics class were obtained. Available time

represented the scheduled time period in which mathematics instruction

was to take place. Actual times on the other hand, represented the

amount of time mathematics instruction actually did occur. In most
. _ .

cases, the amount of time observing coincided closely with the measure

of available time. 4,

The basis data were aggregated in the form of frequency counts

for each behavior category coded. For purposes of interpretation, the

proportional occurYence of each behavior (based on total observed

instances) is used. Data were aggregated separately for each class

for the total'period. The data give an overall picture of the

teaching of mathematics in each class and yield estimates of how

instructional factors affect engagement rates.

Data Aggregation and Analysis

The observational data gathered in this study have been

summarized in terms of three categories: pupil actions, teacher

behaviors, and teacher behavior pupil engagement interactions. Pupil

actions have been summarizid in termn of engaged time; if engaged,

whether it ',as on content or directions; grouping; interactions; and

if interacting, with whom. Teacher "Jehaviore have been summarized in

terms of interactions, speaking to group, speaking on =tent or

directions, questions, feedback and type of explanations.
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Interactions of teacher behaviors and pupil engagement have been

summarized in terms of whether pupils are engaged when the teacher is

speaking, speaking to groups, listening, no teacher interactions,

questioning, and provides information.

The plan for the analysis of the observational data was based on

the fact there were two primary dimensions in the study: grade (or

class) and cognitive group of the pupils. The raw data are observed

minutes. Thus, the number of minutes and percent of time are

aggregated in this analysis in five ways. First, we have aggregated

data for all pupils with respect to grade. Second, since three

different classrooms were being observed In grade 3, we have examined

the data by class. Third, we examined the data for all students with

respect to to cognitive group. Fourth, we have examined the data by

cognitive level within grade. And finally, we present the data in

terms of cognitiVe level within class.

Pupil Actions

Grade. The data on pupil actions by grade is presented in Table

43. Significant engagement tate and grouping differences are apparent

lecturian grade. Both are undoubtedly due to the differences in the

structure of the curriculum in the schools. The high amount of time

spent on small group and individual activities in grades 1 and 2 (85%

and 68%, respectively) is consistent with the manipulative based,

learning station approach at those grades. Similarly, 70% of the time

spent in large group instruction at grade 3 is consistent with the

text based direct instruction made in that school. Furthermore, it is

interesting,to note that the big difference in engagement is between

grade 1 to grade 2 students who are following the same curriculum. .In
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Table 43

Observed Minutes and Percent of Time

of Pupil Actions by Grade

Pupil Action
Grade 1 Grade 2

Minute Percent Minute Percent

Engagement

Engaged Time 559 55 771 -71

Off -task Time 449 45 317 29

Types of Engagement .

Content 488 89 656 86

Directions 62 11 107 14

Grouping

Individual 302 30 165 15

Small group' 553 55 583 53

Large Group 156 15 343 31

Interactions

Target Speaking 62 6 51 5

Target Listening 91 9 163 15

None 858 85 880 80

Interaction Other Party

Teacher 99 65 161 76

Pupil 48 31 36 17

Other Adult 6 4 16 8

Grade 3

Minute Percent

1369 77

403 23

.

1149 88

164 12

11 1

524 29

1259 70

105 6
,

279 15

1427 79

29 78

77 20

6 2
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fact, it was observed that in grade 1, many children spent a lot of

time waiting for instructions about whet to do next when they had

completed an activity. By grade 2, this behavior was observed less

frequently. Many students now proceeded tc next task with little

hesitation. Part of this change is probably due to increased student

familiarity with behavioral expectations of the system and part is

probably due to different teacher sensitivity to the situation.

Class. For grade 3, the data have been further subdivided into

pupil actions by class as shown in Table 44. For coMparative

purposes' the data for grade 1 (class 1) and grade 2. (class 2) are

shown again. Classes 3, 4, and 5 are all in grade 3. Class 4 is

clearly- different from the other two classes. Pupils in that class

are offtask more of the time. Furthermore, if they.are engaged, they

are more likely to be engaged on directions, and if interacting are

more likely to be interacting with other pupils. ;Differences in

grouping are a function of curriculum since all third grade classes

are similar on that dimension. Differences in engagement and

interactions, however, are probably a function of the class or

teacher.

Cognitive group. The number of minutes and percent of time coded

to the five pupil action categories for ail students in the cognitive

groups are presented in Table 45. Overall, the percent of engaged

time steadily increases across cognitive groups. Also, differences in

grouping are striking with percent of time in large group instruction

varying from 21% for Group 1 to 689E for Group 6 children. All other

differences in percentage of time coded to the pupil action categories

are not striking or of practical interest. However, these differences
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Table 44

Observed Minutes and Percent of Time of Pupil Actions by Class .%

Grade 1-Class 1

Grade 3

Grade 2-Class 2 -Class 3 Class 4 Class 5
Pupil Action

Minute Percent Minute Percent Minute Percent Minute Percent Minute Percent

Engagement

Engaged Time 559 n 771 . 71 402 98 650 64 317 90

Off-task Time 44% 45 317 29 8 2 358 36 37 10

Types of Encouragement

Confetti. 488 89 656 86 364 95 496 79 289 97

Directions 62 11 107 14 21 5 135 21 8 3

Grouping

Individual 302 30 165 15 6 . 1 0 0 5 1

Small Group, 553 55 583 '53 101- 24 247 25 176 47

Large Group 156 15 _343 31 317 75. 750 75 192 51

interactions .

Target Speaking . 62 6 51 5 24 6 52 5 29 8

Target Listening 91 9 163 15 112 ,26 127 13 40 11

None 858 85 880 80 289 68 . 835 82 303 81

Interaction Other Party

Teacher 99 65 161 76 122 92 119 67 55 81

Pupil 4$ 31 36 17 10 8 57 32 10 15

Other Adult 6 4 16 8
.

3. 1 2 3. 3 4 1-
tv
Lit

1.5'7 158



Table 45

Observed Minutes and Percent of Time of Pupil Actions by Cognitive Group

ar

Pupil Actions
Cognitive Group 1 Cognitive Group 2 Cognitive Group 3 Cognitive Group 4 Cognitive Group 5

Minutes Percent Minutes Percent , Minutes Percent Minutes Percent Minutes Percent

Engagement

Engaged Time 420 64 850 65 721 70 331 76 377 87

Off-task Time 237 36 '460 35 310 30 106 24 56 13

Types of Engagement

Content 361 86 690 40'3
4.1 634 9C 282 vo

00 326now,
91

Directions 57 14 140 17 68 10 37 12 31 9

Grouping N .
4.

, Individual 167 25 201 15 104 10 0 , 0 6 1

Sma1lGroup 356 54 593 45 444 43 129 29 138 31

Large Group f 135 21 -510 39 496 48 317 71 300 68

Interactions

Target Speaking .37 6 61 5 63 6 19 . 4 38 , 9

Target Listening 76 12 164 12 162 15 62 14 69 16,

None 545 83 1090 83 825 79 367 82 338 76

Interaction Other Party.

t Teacher 80 71 167 744, 162 73 67 83 80 78

Pupil 24 21 46 20 55 25 14 17 22 21

Other Adult 9 8 12 5 6 3 0 0 1 1

.

15

'\

160
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in engagement and grouping are clearly confounded by the grade and

class effects described earlier. This is due to the simple fact that

at grade 1, 5 of 6 children observed were in'cognitive Groups 1 and 2;

at grade 2, 6 of 8 children were in Groups 1 and 2; and at grade 3, 12

of 21 children were in Groups 4, 5, and 6.

Cognitive level within class. To answer the basic question, do

children with different cognitive capacities receive different

instruc,ion, the data for children within each class is presented.

The data for children of different cognitive levels-withip2class

1/grade 1 is presented in Table 46. Only the difference in time

pupils interact with other pupils is significant between Group 1 and

Group 3 children (24% to 45%).

The data for class 2/grade 2, children in different cognitive

groups is presented in Table 47. As with grade 1, the only observable

difference is in pupil interactions with other pupils (17% for Group 1

children and 32% for Group 3 children).

Tables 48, 49, and 50 contain the within class'data for children

in different cognitive groups for the three third-grade classes. The

pictures of class 3 and class 5 show high engagement on content with

virtually no differences between students. Class 4, on the other

hand, exhibit's much lower engagement with more time on directions for

all students. 'Again, only pupil interactions with other pupils varies

by cognitive level (31% for Group 2 children to 46% for Group 5,6

children).

Summary of the Pupil Action Data

Overall, this data suggests that differences in grouping of

-tudents are due to grade (structure of the'curriculum). Grade 1 and
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Table. 46

ObservJ Minutes and Percent of Time of Pupil Actions

by Cognitive Group Within Class 1; Grlde 1'.

Pupil Ace.on

=11IM
Cognitive Group 1 Cognitive Group 2 Cognitive Group 3

Minute Pircent Minute Percent Minute Percent

Engagement de ,.,

Engaged Time SO 0 ,-.4O 189 51 110 54

Off-task Time :. 174 - 40
.

181 49 . 94 46

Types of Engagement
,
, I

Content 230 89
-..:,

159 87 99, 90

Directions 18 11 . 23. 134 11 10

Grouping

Individual 129 30 119 32 54 26

Small Group 235 54 197 53 121 59

Large group 70 16 56 15 30 15

Interactions

'Target Speaking. 26 6 24 6 , 13 6

Target Listening - 41 9 . 30 8 . 20 10

None 368 85 318 85 172 84

Interaction Other Party
%

Teacher 46 70 . 304 67 17 52

Pupil 16 24 17 31 . 15 45

Other Adult 4 6 1 )2 1 3

41$
e,

16'2 -
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Table 47

Observed Minutes and Percent of Time of Pupil Actions

by Cognitive Group Within Class2, Grade 2

129

Cognitive Group 1 Cognitive Group 2 Cognitive Group 3
Pupil Action

Minute Percent Minute Percent Minute Percent

Engagement

Engaged 'note 160 72 399 72 212 69

Off-task Time 63 28 158 28 96 31

Types of Engagement

Content 131 82 336 85 189 90

Directions 29 18 57 15 21 10

Grouping . .

Individual ? 38 17 82 15 45 14

Small Group 121 54 294 53 168 54

Large Group 65 29 179 32 99 32

Int erpctions

Target "Speaking
mi

12 .5 20 4 19 6

Target Listening 35 16 84 15 44 14

None 177 79 454 81 249 80

Interaction Other Party

Teacher 34 72 87 84 40 65

Pupil 8 17 8 8 20 32

Other Adult 5 11 9 9 2 3
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Table 48

Observed Minutes and Percent of Time of Pupil Actions

by Cognitive Group Within Class 3, Group 3

Pupil Action
Cognitive Group 3 Cognitive Group 4 Cognitive Group 5,6

Minute Percent
. .

Minute Percent Minute Percent

Engagement

Engaged Time 144 98 80 96 178 99

Off-task Time 3 2 3 4 2 1

Types of Engagement

Content 127 93 76 96 161 95

Directions 10 7 3 4 8 5

Grouping

_andlvidual 5 3 0 0 1 0

Small Group 33 22 20 23 48 26

Large Group 114 75 67 77 136 74

Interactions

Target Speaking 8 5 2 2 14 8

Target Listening .47 31 16 18 49, 29

None 98 67 69 79
C.

66

Interaction Other. Party

Teacher 52 95 16 94 54 89

Pupil 3 5 1 6 6 10

Other Adult f 0 0 0 1 1

464



Table 49

Observed Minutes and Percent of Time of Pupil Actions

by Cognitive Group Within Class 4, Grade 3

Pupil Action
Cognitive Groud 2 Cognitive Group Cognitive Group 4 Cognitive Group 5,6

Minute Percent Minute Percent Minute Percent Minute Percent

Engagement

Engaged Time 262 68 151 69' 148 62 89 67

Off-task Time 121 32 101 40 92 38 44 33

Types of Engagement

Content 195 76 119 83 112 77 70 80

Directions 60 24 24 17 33 23 le 20

Grouping

Individual 0 0 0 .0 0 0 0 0

Small Group 102 27 62 25 51 21 32 24

Large Group 275' 73 187 75 187 79 101 76

Interactions

Target Speaking 17 4 14 6 8 3 13 10

Target Listening 50 13 36 14 30 12 11 8

None 318 83 204 80 203 84 110 E2

Interaction Other Party

Teacher 44 66 33 67 29 76 13 54

Pupil 21 31 16 33 . 9 24 11 46

Other ;dult 2 3 0 0 0 0 0 0

165
16$
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Table 50

Observed Minutes and Percent of Time of Pupil Action

by Cognitive Group Within Class 5, Grade 3

Cognitive Group 3 Cognitive Group 4 Cognitive Group 5,6
Pupil Action

- ao--.1 -la
Minute Percent Minute Percent Minute Percent

Engagement

Engaged Time 104 87 103 90 110 92

Off-task Time 16 13 11 10 10 8

Types of Engagement

44 Content 100 98 94 99 95 95

Directions 2 2 1 1 5 5

Grouping

Individual 0 0 0 0 5 4

Small Group 60 48 58 48 58 46

Large Group 66 52 63 52 63 50

Interactions .

Target Speaking 9 7 9 7 11 9

Target Listening 15 12 16 13 9 7

None 102 81 95 79 106 84

Interaction Other Party

Teacher 20 83 21 85 13 72

Pupil 1 4 4 IS 5 28

Other Adult 3 13 0 0 0 0
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grade 2 children are often working in small groups and individually

for mathematics instructionyhile large gibup work is comion in grade

3. Differences in engaged time are due to teachers or familiarity

with the instructional pattern. And, only pupil interactions with

other pupils are plausibly due to cognitive group of the children

(with children in higher groups more likely to interact with others),

but this behavior only occurs where such interactions are allowed and

even then is infrequent.

Teacher Behaviors

The data for number of minutes and percent of time teacher

actions were coded if first presented when the actions of target

children by grade level were observed. Then, the teacher behaviors by

class, by cognitive group, and by cognitive group/class interactions

mv,A,

are presented.

Grade. The data on teacher behaviors by grade is presented in

Table 51. The differential time spent by teachers explaining or

giving directions vs. content is obviously a function of grade and is

consistent with program expectations discussed earlier. Time spent on

directions is inversely related to grade level.

Class. The data on teacher behaviors by class within grade 3 is

shown in Table 52. The differences of speaking on content appear to

be teacher or class specific. The differences etween the first-grade

teacher and two of the third-grade teachers on nent remain

significant. For example, for class 1 (grade 1 51% of the time

speaking is on content while for class 3 (grade 3), 82% ts on content.

But for class 4 (grade 3), again, 57% is on content. However, the

percent of time teachers explain directions appears to be a grade

168
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Table 51

Observed Minutes and Percent of Time

of'Teacher Behaviors by Grade

'

..-.....

4

Teacher
Grade 1 Grade 2 Grade 3

Behavior

Minute Percent Minute Perc'ent Minute Percent

Interaction

Listening 187 17 206 18 216' 11

Speaking 640 58 677 59 1238 64

None 276 25 . 254 22 485 25

Speaking/Large Group 91 14 209 31 313 25

Speaking/Small Group 82 13 65 10 227 18
f

S

Speaking/Individual 467 73 402 59 697 56

Speaking/Content 367 57 404 60 823 66

#
Speaking/Directions 268 42

,

256 38 347 28

Low Level Questions 135 12 157 14 338 17

Direction Related Questions 33 3 29 3 199 10

No Feedback 1006 91 1035 91 1819 94

Feedback/Individual
.

,
79 90 89 94 109 92

Low Information Feedback 97 100 101 98 115 93

High Information Feedback q 0 2 2 9 7

TxplainingOontent 130 12 117 10 323 ,17'

E;tplaiiiing Directions 235 21 228 20 165 9

/

169



Table 52

Observed Minutes and Percent of Time Teacher Behaviors by Class.

Teacher Behavior
Grade 1-Class 1 Grade 2-Class 2

Grade 3

Class 3 Class 4 Class 5

Minute Percent Minute Percent Minute Percent Minute Percent Minute Percent

Interaction

Listening 187. 17 '206 18 55 12 129 12 32 8

Speaking 640 58 677 59 296 63 681 62 267 71

None 276 25 254 22 116 25 294 27 75 20

Speaking/Large Group 91 14 209 31 128 41 134 20 51 19

Speaking/Small Group 82 13 65 10 41 14 107 16 79

Speaking/Individual. . 467 73 402 59 121 42 439 64 137 .51'

Speaking/Content 367 57 404 60 239 82 391 57 193 71
.10

Speaking /Direction's 268 42 256 38 45 15 240 35. 62 23

Low Level Questions 135 12 157 14 94 20
4:4

172 16 - 72 19

Direction Related Questions 33 .3 29 3 22 5 125 11 52 14

No Feedback 1006 91 1035 91 434 94 1025 93 360 95

Feedback/Individual 79 90 89 NI 24 92 71 93 14 83

Low Information Feedback 97 100 101 98 23 82 77 99 15 a3

High Information Feedback 0 0 . 2 2 5 187 1 1 3 17

Explaining Cohtent 130' 12 117 10 96 21 139 13 88 23

Explaining Directiods 235 21 228 20 26 6 126 11 13 3 p.
4...1

./1

110
r7 .
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effect since all three grade 3 teachers spend less time (6%, 11%, and

3%) than either the grade 1 or grade 2 teachers.

Cognitive group. The number of minutes and percent of time coded

to six teacher behavior categories are presented in Table 53.

Overall, three differences are striking across cognitive groups.

First, the percent of time speaking to individual children decreases

from 67% for Group 1 children to 53% for Group 5,6 children. Second,

the percent of-time teachers spend speaking about directions shifts

from 39% for Group 1 children to 27% for Group 5,6 children. And in

the same vein, when teachers are explaining the percent of time,

explaining directions decreases from 22% for Group 1 children to 6%

for Group 5,6 children. However, the later two differentes are

undoubtedly confounded by grade level.

Cognitive group within class. Tables summarizing the percent of

time teacher behaviors were observed in each class in relationship to

students in different cognitive groups are not presented here. For.

four of the classes (1, 2, 3, and 4), there were no striking
al

differences in terms of time spent for different children. Only one

dIgnificant difference was found. In class 5, the time spent by the

teacher speaking on content decreased across groups from 82% to 66%.

In summary, while teacher behaviors vary considerably across

teachers, differences are more due to gride, or individual teaching

style, or grouping patterns within classes than they are to

differential treatment of students with different levels of cognitive

capacity. Teachers may treat some students differently than others,

but this data suggests cognitive capacity is not the basis for such

differentiation.
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Observed Minutes and Percent of Time of Teacher Behaviors by Cognitive Group

Teacher Behavior
Cognitive Group 1 c:Ignitive Group 2 Cognitive Zroup 3 Cognitive Group 4 Cognitive Group 5,6

Minute Percent Minute Percent Minute Percent Minute Percent Minute Percent

Interaction

Littening 127 19 231 16 139 13 50 10 62 14

Speaking 394 60 837 58 722 66 '310 60 292 64

None 141 21 380 26 235 21 154 30 4 97 21

Speaking/Large Group 83 21 190 23 189 26 90 23 81 28

Speaking/Small Group 47
,

12 116 14 100 14 56 18 55 19

Speaking/Indfridual 264 67 529 63 453 60 184 59 156 53

Speaking/Content 233 59 479 57 475 66 204 66 203 69

Speaking / Directions 155 39 327 39 228 31 81 26 80 27

Low Level Questions ,84 13 178 12 196 '13 82
, .

16 90 20

Direction Related Questions 12 2 78 5 68 6 51 10 52. 11'

No Feedback
V

592 83 ' 1334 92 #0 1018 93 . 481 93 427 94

Feedback/Individual 60 91 98 93 70 9. 27 87 22 88

Low Information Feedback 69 99' 114 100 75 94 31 91 24 92

High Information Feedback 1 1 0 0 5 6 , 9 2 8

Explaining Content 72 11 166 11 182' 17 75 15 75 '17

Explaining Directions 143 22 254 18 164 15 38 7 °29 6

i73
174

a ta



138

Teacher Behavior/PuBillagAgestat Interactions

The number of minutes and percent of time teacher actions were

coded and children were engaged is reported in this section. As with

the previous sections, the data were first aggregated.r children

differing.by grade, then class,' cognitive group, and finally,

cognitive group within class.

Grade. the data on pupil engagement for various teacher actions

by grade is presented in Table 54. Overall pupil engagement when

teachers are speaking increases from 59% in grade 1 to 78% in grade 3.

Engagement when teachers are not speaking increases from 50% to 76%.

Similarly, pupil engagement when there.are no interactions increases

from 42% to 78% across grades, as do all engagement rates related to

teacher questioning and providing information.

Class. The information on pupil engagement when teachers

performed certain actions is presented for all five classes in Table

_ 55. As would be expected from previous analyses, clasii 4 in grade 3

is different from classes 3 and 5 in grade 3. Engagement rates in

class 4 are lower in all categories than the other two classes. In

fact, the grade level effect Noted previously is in part_an individual
.44

teacher effect, and certainly would be higher for grade 3 if class 4

were omitted.
.=A\

Cotvitip. The overall data on time pupils in differing

cognitive groups were engaged when teachers were doing different

things is reported in Table 56. Many of the differendis are striking.

First, across groups, children increase in engagement when aachers

are speaking from 65% ofithe time to 86%. Second; the overall pattern

across groups is similar regardless ofyto whom the teacher is
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Table 4

Observed Minutes and Percen of Time of. Interactions of

Teacher Behaviors and P411 Engagement by Grade

Interaction
Grade l' Grade 2 Grade 3

Minute Percent Minute

0
Teacher Speaking/

Pupil Engaged

Pupil Off-task

upil Engaged When Teacher
peakingto:

Individual

Small Group

Large Group

Not Speaking

Pupil Enga ed I./ben Teacher:

List ng

PUOil Engaged When:

Ho Interactions,

Pupil Engaged When Teach

Low Level Questions

iihcLevel Questions

Questions About Directions

Pupil Engageci When Teacher

253 57

51 67

52 63

203 50

104 GI

99 42

356 59

245 41

75 60,

H 8 67

15 52

c..

E

463

197

151

157

108

19

20

,-

Provides: ...r
/

Low Information Feedback

Positive Feedback
'b..

4. Information AbOut Content

v lain Directions

44 48

32 54

83 68

131 58

...../

67

56

89

149

o ,

Percent- . Minute Percent

70 919 78

30 259 22

265 68 502 74

, 160 80

153 . 75 256 86

308 72 449 76

vr
A we

76 152 72

69 295 78

71
.

263 81,

83 42 95

69 ..._,..,}.33

:k

68 90 80

72 . 52 87

77'' E255

67 114 7

P-176 5



Table. 55

Observed Minutes and Percent of Time of Interactions of Teacher Behaviors an0 Pupil Engagement by Class

Grade 1-Class 1 Grade 2-Class 2

Grade 3
.

Class 3 Class 4 Class 5
Interaction

Minute Percent Minute Percent Minute Percent Minute Percent Minute Percent

Teccher Speaking/ .
.

Pupil Engaged J56 59 463 70 263 99 437 66 219 88
Pupil Off-task 245 41 197 30 2 1 226 34 31 12

Pupil Engaged When Teacher
Speaking to:

Individual 253 57 265 168 109 99 275 63 118 .87

Small Group 51 67 45 168 31 100 69 59 60 90

Large Group 52 63 153 17:, 123 99 92 74 41 85

Not Speaking 203 50 . 308 72 138 96 213 62 . 98 94

Pupil Engaged -en Teacher:

Listening 1,04 61 51. 76 51 98 73 57 28 90

Pupil Engaged When:
I

No Interactions 99 42 157 69 88 95 141 65 66 96

Pupil Engaged When Teacher
Asks:

Low Le,e1 Questions 75 60 108 71 86 99 116 76 61 92

High Level Questions 8 67 19 83 . 23 10A .1 100 18 . 90

Questions About Directions 15 52 20 69 21 Uu 70 60 42 82

Pupil Engaged When Teacher
Provides:

Low Information Feedback 44 48 0 68 22 100 56 73, .,12 92

Positive Feedback 32 54 56 72 20 100 23 82 9 75

Information About Content 83 68 5.9 77 86 100 95 69 74 86

Explains Directions 131 58 149 67 24 96 80 .66 10 91



Tahle 56

Observed Minutes and Percent of Time of Interactions

of Teacher Behaviors and Pup 1 Engagement by Cognitive GrOuP.

Cognitive group 1 Cognitivi Group 2 Cognitive Group 3 Cognitive Group 4 Cognitive Group 5,6
Interaction

Minute Pircent Minute Percent Minute Percent Minute Percent Minute Percent

TAlcherSpeakin3/
Pupil Engaged

Pupil Off-task
254

137

64'

35

518

267

66

34

509
188

73

27

216',

69 \

-76
24

241

40

86

14

Pupil Engaged When Teacher
Speaking to:

Individual 174 67 306 61 289 69 128 73 79

Small Group 26 55 78 71 75 82 33 72 92

Large Group 54 65 133 77 145 .78 55 87 95

Not Speaking 166 62 332 63 211 '63 115 76 13 89
Pupil gngaged When Teacher:
Listening 94 75 145 68 81 60 35 74 52 87

Pupil Engaged When:
No Interactions 72 51 188 60 130 66 79 76 82 91

Pupil Engaged When Teacher
Asks:

.

Low Level Questions 51 62 114 68 141 75 60 77 80 92

High Level Questions 7 88 15 75 17 85 15 100 15 94

Questions About Directions 8 67 41 59 46 70 34 , 68 39 78

Pupil Engaged When Teacher
- Provides:

Low Information Feedback 43 .62 68 62 50 70 20 71 20 83

Positive -Feedback 32 65 46 66 37 77 10 83 15 83

Information,About Content 53 74 106 68 147 82 57 83 64 90

Explains Directions 87 61 159 67 101 63 . 25 69 22 79

180
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speaking, anu even when the teacber is notispeaking (62% engagement to

89%). Third, in the same manner, pupil engagement'increases from 51%

for Group 1 children to 91% for Group 5,6 children, when there were no

teacher interactions. Finally, the same pattern of increase in

engagement is.apparent when teachers question students or provide

information. However, as in the previous analyse;, these are the same

differences found across grade levels.

Cognitive level within class'. The engagement data for children

of differing cognitive levels within each class was also calculated.

Although there.is some variation in engagement in each class for

children of differing cognitive levels, no discernable pattern of

differences in any class was apparent. Thus, tables summarizing this

data are not presented.

In summer', the data relating pupil engagement to type of tea her

blehavictr suggest that differences are due to grade level and teacher

style and not 0 differences in cognitive capacity among the students

within each class.

Conclusions

The question raised at the beginning of this chapter: Do

children who differ in cognitive capacity receive different

instruction?, now can be answered. Nol At least that is the case for

the sample of students in thg five classes observed in this study.

Nevertheless, the data/from this study, provide several
pom. A

'interesting insights about mathematics instruction. First, teachers

tend to organize and to .h mathematics based on school traditions.

Differences in content emphasis and patterns of grouping stud ts are

[

based on program expectations within schools. .In particular, the
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differences in pupil actions and teacher action from grades 1 and 2 to

grade 3 reflect a shift in emphasii and organization of activities.

: r .

Sandy Bay Infant School (grades 1 and 2) haaran open, activity

Oriented program. Waimea Heights, on the other hand, is a "primary"

school where instruction is more formal and direct. Hence, the

overwhelming grade level effect on pupil actions, teacher actions, and

pupil engagement is to be expected.

Second, the mathematics program within schools is not related

either to how students work problemS or their capacity,to reason.

Third, there are important differences between teachers who'are crying

to do the same thing. Classes 3 and 5 in grade 3 clearly reflect good

,teaching following direct instruction approach. Children are on task

in large or small groups. Class 4, on the other hand, while following

the same program, is nota successful class.

Fourth, the only interesting pupil behavior related to cognitive

capacity is the tendency,for children in higher groups to interact.

With'Other pupils more often when there is an opporttunity to interact.

MIIMIMIMIolaFaelfiIdmmlImm.*lil=

182



r
.44

4 .

Chap tet 6
' . ,

SUMMARY, CONCLUSIONS,, AND.IMPLIQATXONS

,°.

The question being investigated in this set of five studies wag

Do children who differ in cognitive capacity learn to -add and subtract

differently? In asking this question, we assumed tat children's

....... .

performance on addition and subtraction problems was r4gted both to6
t

their cognitive capacity and to classroom iastruttion. This,series of
.

studies were reported from 'four different intellectual perspectilies so

that each .study would, Shea light on a.different aspect bf the
fr a

question.. Then, by putting the inforMitIon from each togeihere we

hoped to answer the basic question,.

In retrospect, we believe the picture,which has evolved from-

these studies about.how children learn to add and subtract is both

interesting and provocative, but not at all clear. This chapter

summarizes what we learned and specifies the strengths and weaknesses

of each of the studies. Finally, implications are suggested to Other

leacarcbers, to curriculum developers, and to teachers. We have

chosen to organize this aiscussion,under five headings: cognitive

capacity, solving verbal addition and subtraction problems, using the

concepts and skills of addition and subtraction, -the influence of

instruction on addition and subtraction performance, and final

reflections.

.11.1211.
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Cognit iv.. Capacity

The original question assumes that young children differ in their

cognitive capacity to deal with mathematical information and that

available psychometric techniques vould yield clusters of students

into groups so that members in each group had similar scores from

rests related to mathematics. First; a set of tests measuring

short-term memory capacity (Mrspace) wee'administered. Second, a set

of developmental psychological tests were given to the same children. .

r

Data from these tests were used to empirically derive six groups of

students. The groups were based on the M-space tests. The

developmental tests were then used to assist in describing the

differences between the groups.

t..-

Cognitive Gro- up 1 children have limited memory capacity (M-space

level 1),,are incapable of handling most quantitative tests, can

serially count but have no sophisticated counting strategies, and can

only deal with qualitsti/t comparisods and transformations at a

moderate level.

Cognitive Group 2 children have larger memory capacities (M-space

level 2), have no difficulty with qublitative comparisons (They can

preserve correspondence after rearrangement of sets and overcome

perceptual distractions.), and can determine whether sets are larger

or smaller if an object has been put with os;,aken from particular

sets. However, the quantitative Ilkills-of these children are limited.

They can count sets, but have no 'Sophisticated counting strategies,

and are unable to-handle-transitivity and rearrangement problems.

These-first two groups are distinct from each ot her and distinct

from the remaining four groups. The final four groups, both
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psychometrically and logically, are more similar to each other than

they are different from each other iu that all members have a memory

capacity of level 3 or 4 and have sophisticated counting strategies.

joinitive Group 3 children differ from Cognitive Group 4 children

only on measures of transitivity and transitivity under rearrangement.

Group 3 and 4 children differ only from Group 5 and Group 6 children

on the class inclusion test. The dtiference between Group 5 children

and Group 6 children is only on one measure of memory capacity; in all

analysis we combined both Groups 5 and 6.

The data gathered and analyzed with respect to cognitive capacity

suggested the following six propositiims. First, a global qualitative

versus quantitative'distinction is apparent in children's mathematical

thinking iu the early school years.. Second, Mispace level seems to be

related to the developmental sequences in the preschool to early

elementary years in mathematically-related tests. Third, the

development of reasoning appears to be: comparison -- qualitative --

,correspondence quantitative -- logical operations. Fourth, an

M- -space level of 1 is enougl. for handling simple comparison tasks.

Fifth, an M-space level of 2 is enough for 4ualitative correspondence

and* ia a prerequisite for the development of most number skills. And

sixth, an M- -space level of 3 seems to be necessary for success in

sophisticated counting tasks and probably is necessary for the .

development of addition and subtraction.

Problems and recommendations. The data indicate there are

children who differ significantly in their ability to handle early

mathematical tasks. However, the approach thatwe took is purely

empirical. It it not based on any theory of how mathematical

. 1 85
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information is actually processed. The next step would be to use a

theoretic model of cognitive processing such as that proposed by

Campione and Brown (1978) which distinguishes 1....7tween the '

"architectural" features of cognition (memory capacity, automaticity,

speed of processing, etc.) and "executive" aspects of cognitive

processing (metacognition, hueristics, schema in long-term memory,

etc.); Using such a model would enhance our understanding of

cognitive capacity in a more powerful fashion than the.psychometric

approach followed in the study could ever do. Nevertheless, We

uncovered clear evidence that there are groups of children who differ

significantly in the way in which they process information.

Furthermore, three sets of measures used were important. First, we

found memory capacity to be most important in identifying groups with

differing cognitive capacities. Unfortunately,, the instruments used

to assess this underlying trait leave much to be desired. In

particular, on the Mr. Cucui test, children can organize information

by "chunking" it (e.g., left side of the body, head, and so on). As a

result, higher M-space levels are indicated because a smaller part of

met, ry is being used for more information. This phenomena is well

known in the literature, but to separate "chunking" from actual

M--apace is difficelt. We believe -.that the four tests indicate M- -space

level 1, 2, and 3 relatively accurately. However, memory capacity

levels above 3 in ley cases may be dile to "chunking" of infolumtlon.

Nevertheless, we are convinced that memory capacity is an important

feature and would strongly suggest other researchers measure memory

capacity of their subjects.
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The second set of tests which distinguished groups we: : the

"counting forward" and "counting back" tests. Sophisticated counting

skills are important, as demonstrated in Chapter 3. When students

solve verbal addition and subtraction problems, many use such skills.

We recommend that such tests be used in other research. Also, other

tests which measure different counting skills (simple counting,

counting on, counting back, counting all, etc.) should also be
... -

developed and used. .....

ti

Finally, theuiliisi inClubion" test- distinguished the groups of

students. The relationship of "class inclusion" to how children work

certain problems (particularly the part-part-whole problems) is not at

all clear. We recommend the development and study of other tests

which assess the way in which individuals logically reason about

phenomena.

Solving Verbal Addition and Subtraction Problems

One indication that students have learned to add and subtract is
.4

that they can solve simple verbal problems. Poesuch problems, it is

expected that children can write an addition or subtraction sentence

about the problem and use learned addition or subtraction concepts or

skills to find the appropriate answer. Chapter 3, we examined both

the performance of students (the number.of questions they wore able to

answer correctly) and the strategies they used to solve a variety of

addition and subtraction problems. The data were gathered in

interviews of each child on several occasions in which six problems

were given to each student at two or three of four levels of

difficulty, determined by the Size of numbers in the problem. The

results described in Chapter 3 indicate that there was considerable

187
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variability in the children's. ability to solve the variety of verbal

problems and the strategies they used to solve those problems.. The

overall 'performance of the different groups of students on the tasks

was relatively high. Of the B level proHems, 72% were answered

correctly; of the C level problems,*72% were answered, correctly; and

of the D and E level problems, 67% were answered correctly. However,

there was considerable variability in both performance and strategies

which was influenced' by several factors: the semantics of the

problem, the size of the numbers in the problem, the implied operation

in the problem, the grade level of the chid, and the cognitive

capacity of the child.

Table 57 'summarized the level of performance across all items for

the six different semantic. types. In''general, the results support the

conclusion of Green° and Riley (1981) that change problems are in

general easier than combine problems which in turn are easier than

compare problems. However, implied operation as well as semantics

clearly makes a difference.

The most striking findings of the study on both performance and

strategies were for children in different cognitive groups. The

t '

performance and strategies used by the children in each cognitive

group are summarized on the following pages. The percent correct is

noted only if at least two-thirds of the tasks within a semantic

category were answered correctly. Similarly, to highlight the

strategies used by students in each particular group, percentages are

indicated only if the strategy was used at least 20% on the same

semantic set of problems.
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Table 57

Frelyency and Percent Correct for Each Task on B, C, 0, E Level Items and Over All Le' is

Level B
Task

Frequency

1 Change/Join (4) 85

2 Change/Separate (-) 79.

3 Combine/Part Unknown (-) ,...-!. 68

4 Combine/Whole Unknown (+) 80

.

5 Compare (-) 41

6 Change/Join, Change set Unknown (-) 77

Percent

85

79

68

sp

: 41

77

Level,C Level D,E All Levels

Frequency Percent Frequency Percent Frequency Percent,

201 78 125 82 411 81

184 71 89 58 352 69

190 74 )( 88 58 346 -68

194 75 115 76 389 76

i

157 58 90 59 288 56

191 74- 105 68 373 73

t

189 19u



The summary information on the performance and use of strategies

for the children in cognitive Group 1 is presented in Table 58. This

group of children performed satisfactorily only on 3 of the 12 tasks,

only on the B set of tasks, and only on the 3 tasks which can easily

be solved by direct modeling. The strategies these students used,

with one exception, were either inappropriate or direct modeling. The

one exception was on task 6 at the B level when "counting on" was used

37% of the time.

Overall, this behavior clearly reflects the cognitive capacity of

these children. They had low memory capacity, lack of systematic

counting skills, and were only able to directly aodel the problems.

Also, the compare task, which requires more memory capacity, was

impossible for the children; inappropriate strategies were used on the

B and C level compare tasks 83% and 93% of the time, respectively.

The summary information on the performance and use of strategies

for students in cognitive Group 2 is shown in Table 59. This group of

children could find answers satisfactorily on both the B and C sets of

problems, with the exception of "compare" tasks. Although the level

of performance was slightly lower on the C set than the B set, the

pattern of the performance was very similar. However, on the 1) and E

,ets (larger numbers), only task 1 was answered at a level of

performance :Mich is satisfactory.

The strategy information is consistent with the level of

cognitive capacity demonstrated for this group of students. Direct

modeling was the most frequently used strategy for both the B and C

level problems, although routine mental operations are becoming

commonplace with the small number of problems in the B set. The

191



Tablt 58

Pertormance and Common Use of Strategies for Cognitive Group 1

Task

Routine

Percent Direct Counting Mental

Correct Modeling Sequences Operation Inappropriate

1 Change/Join ( +)

2 Change/Separate (-)

3 Combine/Part Unknown (-)

4 Combine/Whole Unknown (4-)

5 Compare (-)

6 Change/Join, Change set Unknown (-)

1 Change/Join (4)

2 Change /Separate (-)

3 Combine/Part Unknown (-)

4 Combine/Whole Unknown ( +)

5 Compare (-)

6 Change/Join, Change set Unknown (-)

B Level

...

---

77 53

70 57

40

70 57

33

50

20

83

37 37

C Level

37 63

40 60

3i 60

37 63

93

80..

1.9 4



Table 59

Performance and Common Use of Strategies for Cognitive Group 2

^ -----..

task Percent

Correct

Direct
Modeling

Counting
Sequences

Routine

Mcntal
Operacion Inappropriate Algorithm

B Level

I Change/Join (+)
2 Change/Separate (-)
3 Combine/Part Unknown (-)
4 Combine/Whole Unknown (+)
S Compare (-)

85

81

77

83

44

52

50

48

33

31

27

27

58

6 Change/Join, Change set Unknown (-) 85 36 38

C Level

Change /Join (4) 72 42

2 Change/Separate (-) 68 .

3 Combine/Part Unknown (-) 71

4 Combine/Whole Unknown ( +) 68 45 /4
S Compare (-) 53

6 Change/Join, Change set Unknown (-) 70 28 26 26

D,E Level

1 Change/Join (+) 67 25 50

2 Change/Separate (-) 33 33

3 Combine /Part Unknown (-) 41

4 Combine/Whole Unknown (4-) 42 33

5 Compare (-) 50

6 Change/Join, Change qet Unknown k-) 21 29

197-
194
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compare problems are still in most cases impossible. Inappropriate

str,.tegies were coded in over half of the trials over all problems.

The only systematic counting strategies are used on task 6 on both B

and C levels and task 4 on the C level problems. Finally, for the

problems with larger numbers (D and E), inappropriate strategies are

most frequent on all tasks except task 1. Only on this task do these

children choose to use an algorithm. However, these students very

often made errors in the use of algorithm when solving these problems.

The summary information for the children in cognitive Group 3

appears in Table 60. Their overall level of performance is quite

satisfactory on all tasks at the B and C levels; there is still some

difficulty associated with task 5. For the D and E set, only on tasks

'., anu 6 18 performance satisfactory. Direct modeling is a

reasonable strategy, particularly on the small B level problems.

Counting strategies, however, and routine mental operations are also

being used with small number problems. Sophisticated counting

strategies were used on all C level tasks and on three of the D and E

level. tasks. Also, a fairly high frequency of inappropriate

strategies were apparent at the D and E level tasks. The Group 3

students chose to use algorithms for the D and E problems less

.requentlY than did the Croup 2 children.

The summary information for cognitive Group 4 children appears in

Fable 61. Not surprisingly, the performance and choice of strategies

of these Children differs very little from the Group 3 students.

Counting str.egie!: and routine mental operations are used on the C

1e,.e; probleme. Direct modeling and counting strategies are being

19,E
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fable 60

Performan.e and Cm.non Use of Strategies for Cognitiv;. Croup 3

Routine

Percent Direct Counting Mental

Correct Modeling Sequences 'Operation Inappropriate Algorithm

B Level

1 Change/Join ( +) 100 311 39

2 Change/Separate (-) 89 56 33

3 Combine/Part Unknown (-) 89 50 28

4 Combine/Whole Unknown (+) 89 56 33

5 Compare (-) 67 44 33

6 Change/Join, Change set Unknown (-) 94 44 39

C Level

1 Change/Join (+) 72 35 29

2 Change/Separate (-) 68 23 76

3 Combine/Part Unknown (-) 71 27 26 26

4 Combine/Whyte Unknown (+) 80 42 26

5 Compare (-) 74 36 24 23

6 Change/Join, Change set Unknown (-) 82 32 35

D, [ . Level
-1

1 Change /.Join (+) 89 34 27

2 Change/Separate (-) 14 29

3 Combine/Part Unknown (-) 29 23 25

4 Combine/Whole Unknown (+) 70 27 23 29

5 Compare (-) 36 25

6 Change/Join, Change set Unknown (-) 66 36 25

191



lable 61

Performance and Common tse of Strategies for Cognitive Group 4

Routine

Percent Direct Counting Mental

Correct Modeling Sequences Operation Inappropriate Algorithm

C Level

1 Change/Join (+) 91 34 41
2 Change/Separate (-) 77 39 27

3 Combine/Part Unknown (-) 75 32 25

4 Combine/Whole Unknown (+) 86 25 39

5 Compare (-) 86 20 27 32

6 Change /Join, Change set Unknown (-) 84 23 45

D, l: Level

1 Change/Join (+) 78 38 38

2 Change/Separate (-) 31 26

3 Combine/Part Unknown (-) 31 31

4 Combine/Whole Unknown (+) 7'e 45

5 Compare (-) 21 31 24

6 Change/Join, Change set Unknown (-) 67 29 31 21

19t)
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used with the D and E problems. There is some increase in the use of

algorithms on the two addition problems.

The summary information of children in cognitive Groups 5 and 6

is shown in Table 62. These children solve all problems at a

satisfactory level. Counting strategies and routine mental operations

are used .-.t) find most solutions. however, on the D and E simple

subtraction problems, tasks 2 and 3, direct modeling is frequently

Jsed. Routine mental operations and algorithms are only used with the

three easiest tasks.

What is more important in this data is that a child's decision to

use a particular strategy is dependent on several factors including the

semantics of the problem the size of the numbers, and the implied

operation. Furthermore, the availability or use of a strategy appears

to be dependent upon memory capacity.

Overall, five general observations from tin data relate to our

understanding how children learn to solve such problems. First, the

frequent and persistent use of inappropriate strategies implies ether

an unwillingness of some students to engage in the task, or a lack of

the memory capacity to use a particular strategy. We agree with

Decorte and Verschaftel (1981) that some students fail to understand

they are to find an answer to a particular problem. However, we

believe most students try but lose track of information. For example,

Group 1 and Group 2 children do not have systematic counting

strategies available to them to solve many of the problems. Thus,

,hen they try, they may get mixed up and are unable to complete the

task. We recommend a more careful investigation of the use of

Inappropriate strategies across tasks. By examining the use of



table 62

Pvtformaut and Common Use of Strategies for Cognitive Group 5,C

Percent.

Correct
- -- __ ^ -, -

Insk Direct Counting
Modeling Sequences

-- - - - --_,- -A..-- ----
C Level

Routine
Mental

Operation
-- -- -- _ _ -

Inappropriate Algorithm- -- - --_,--- -----.

1 Change/Join (+) 9-1 33 50
2 Change/Separate (-) 95 48 24

3 Combine/Part Unknown (-) 98 31 48
4 Combine/Whole Unknown (+) 93 38 48

5 Compare (-) 93 48 36

6 Change/Join, Change set Unknown (-) 98 43 45

D,F Level

1 Change/Join (+) 88 32 39

2 Change /Separate (-) 74 31 38

3 Combine/Part Unknown (-) 83 33 40

4 Combine/Whole Unknown (4-) 43 50

5 Compare ( ) 71 60

6 Change/Join, Change set Unknown (-) 90 62

20i- 204:,
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inappropriate strategies in future studies, a better sense of the

difficulties some children have might be found.

Seconi, direct modeling (the use of chips or fingers to represent

sets) is the earliest and easiest strategy used by students. It is

particularly appropriate for B level tasks 1, 2, and 4 where the

change or combination can be physically represented. Also, the action

preserves all the important data; prior data need not be remembered.

The strategy is appropriate for task 3 and task 6, but it requires

additional memory storage to remember the whole the the original part.

Finally, direct modeling could be used with comparison problems, but

it requires even more memory storage. Even with large number problems

where physical modeling becomes more cumbersome, it still is an

appropriate strategy. Many students appear to follow a "when in doubt

one can always model" strategy for solving many problems. Even

children in Group 5,6 at third grade physically modeled many of the

large number problems to find answers. This suggests the importance

of being familiar with efficient procedur-s; although children in

Group 5,6 have exhibited sophisticated counting strategies, know basic

facts, and can perfc,rm addition and subtraction algorithms with

efficiency, they still directly model some problems.

Third, direct modeling, for many children, is replaced either by

the use of systematic counting strategies or by the use of routine

mental operations. Counting strategies may be learned before routine

mental operations; the choice of strategy is dependent upon the size

of numbers involved in the problem. At all levels, for all cognitive

groups, the B level problems were solved using routine mental

operations rather than counting strategies. Only for task 6 at the B
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level was counting the dominant strategy. The C, D, and E problems

were more likely to be done using sophisticated counting strategies.

Furthermore, only on task 1 (combine/join) were routine mental

operations used with large number problems.

Fourth. the use of addition and subtraction algorithms for many

chadren is perceived as a cumbersome procedure for finding answers.

Only Group 2 children, who are limited in their knowledge of counting

strategies or routine mental operations, use algorithms frequently,

and they makl many errors. Students at higher cognitive levels may

see that algorithms are appropriate but know of and are comfortable in

using other strategies. The children's teachers had expected students

to write the mathematical expression and use the algorithms to solve

problems on the D and E tasks. Most instruction had been on addition

and subtraction algorithms and the children's performance was

reasonably good.

Fifth, it is apparent that the way in which students solve the

problems is ot directly related to classroom instruction. In grade 2,

most instruction was on addition and subtraction facts (use of routine

mental operations), bu, direct modeling and counting skills were used

by most students to solve the problems. In grade 3, most of the time

was spent on algorithms, but they were not used.

Problems and recommendations. First, the sample of items, six

tablcs at each of the four levels, does not encompass the variety of

addition and subtracticn problems. Nesher, Greeno, and Riley (1982)

list 14 types. Use of a more comprehensive set of problems would give

us a better picture of the overall development of strategies across

tasks, Second, the small number of students and the method of
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selection for this study is limiting. Studies with a larger number of

subjects are in order. Third, although some longitudinal data were

gathered, there was relatively little change in performance over the

three-month time period. Studies of longer duration should be carried

out. The cross-sectional data indicate possible changes, but a better

longitudinal picture is desirable.

Finally, these data need to be ve-examined in light of the recent

proposed theory of the development of semantic categories for addition

and subtraction (Nesher, Greeno, & Riley, 1982). Our data suggest

that the decision sequence children use to select a strategy is more

complex than suggested by that theory.

Using the Concepts and Skills of Addition and Subtraction

Since most textbooks for the teaching of arithmetic skills do not

emphasize the solution of verbal problems, we also examined the growth

and level of performance on the concepts and skills of addition and

subtraction. This study is reported in Chapter 4. A set of

achievement monitoring tests which measured a variety of mathematics

objectives was administered at each grade level. Instruction at each

grade level had an effect on some objectives over the autumn term. In

grade 1, at the start of the school year, students were unable to

solve most problems; by the end of the term, addition skills had

improved dramatically, although the same could not be said for

subtraction. In grade 2, altho .igh instruction had an effect,

increases in performance were not as apparent for many objectives. In

grade 3 there was clear improvement on many of the objectives. In

particular, the level of performance on the addition and subtraction

algorithms improved dramatically. Thus, growth within each grade on

20,)
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some aspects of addition and subtraction is very clear. However,

improvement was not uniform across different concepts and skills, and

the overall level of pereormance on many objectives was not high.

Instruction does not seem to be related very systematically to the

level of performance. Thus, in spite of the fact that overall

performance on place value, knowledge of addition and subtraction

facts, and writing number sentences was not high, time was not

allocated for instruction on those topics. For example, in third

grade, most stuthats still were having trouble with writing open

....vntences and knowledge of basic addition and subtraction facts. Yet

almost no time was allocated for instruction in these areas.

Performance by students in cognitive groups within grades differ.

Group 1 children in grade I struggled with many of the objectives,

while the Group 2 students increased in performance over all of the

objectives. The children in the higher cognitive groups performed

better than children in lower cognitive groups. Overall, children who

differ in cognitive processing capacity performed differently

regardless of specific objectives, instructional emphasis, or grade.

'Thus, while teaching and pupil experience accounted for some of

Lite differences between children, the level of performance appears to

be consistent with cognitive processing capacity.

Influence of Instruction on Addition and Subtraction

The final study of the series of studies reported in this

monograph Looked at the question Do children with different cognitive

capacities receive different instruction?

Observational dare was collected on allocated time, pupil

engagement, and teacher actions in relationship to pupil behavior.

20G
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The Cindings of this study are not dramatic. However, what is

portrayed is perhaps too typical of how instruction is carried out ire

many schools. First, on content covered, about 50% of the total

mathematics time in each grade is spent on addition and subtraction.

In grade 1, primary emphasis is on addition facts, numerousness and

counting. Tn grade 2, basic facts for both addition and subtraction

are taught. And in grade 3, computational algorithms are streRsed.

The amount of time spent on various mathematics topics is not related

to the level of performance of students on those topics. What pupils

do in classrooms is dictated by the grade level and the structure of

the curriculum. In grades 1 and 2, children were working in small

groups and individually for mathematics instruction while large group

work was common in grade 3. Differences in pupil engaged time are due

to teachers or student familiarity with the instructional pattern.

Only the number of pupil interactions with other pupils is possibly

due to the cognitive group to which the children belong. Teacher

behaviors reflect grade level and individual teaching style.

Certainly, cognitive capacity is not the basis of differentiation

between students in these classrooms.

The data in the last two studies clearly indicate that children

improve due to instruction on basic facts and algorithmic performance.

What teachers do in classrooms varies, but within classrooms, they

teach basically the same way to all children. What children learn

appears to be consistent with their level of cognitive processing and

with the content covered in each grade. The emphasis within

classrooms seems to be on some routine procedures (basic facts afid

algorithms) but not on others such as sentence writing, counting, or

20,
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direct modeling of problems. The emphasis is on finding answers

regardless of the procedure. Nothing is done to relate the semantics

of various verbal problems to instruction in arithmetic.

Finally, there is no evidence that instruction attempts to build

on or change the strategies that students are using to solve such

problems. In fact, instruction seems to proceed without consideration

of the level of performance of individual children in the classrooms.

Final Reflections

in concluding this monograph, seven thoughts come to mind.

First, the information processing approach to the study of how

children solve a variety of addition and subtraction problems appears

to provide a basis for a better understanding of the process of

acquiring concepts and skills acquired and using them to solve

problems. Our clustering of children into cognitive groups should be

viewed as a rough first approximation to a more elegant description of

capacity. Second, for students struggling with the basic ideas

(students in our Groups 1 and 2), a more careful analysis of

inappropriate strategies needs to be done. Third, the most

interesting set of data is on the strategies that children use, not on

performance. Longitudinal data on change of strategies by specific

children should be gathered. Fourth, carricula to be more effective

must be organized and sequenced differently. Although the ideal

organization and sequence for teaching addition and subtraction skills

is not yet clear, mo...e work on writing sentences and counting

strategies is called for. Also, perhaps specific routines such as

addition and subtraction facts or algorithmic procedures need to be

initially taught without trying to tie them to problems until they

208



have been mastered. Students could build the bridge from verbal

problems to use of algorithms later.

Fifth, students need much more oppartunity to work with verbal

problems and to represent such problems with mathematical expressit,ns.

This procedure of modeling a problem situation with a mathematical

sentence is a very important skill throughout all mathematics. Sixth,

while we believe learning routine procedures is important, they only

became important in the eyes of children when they are seen as

efficient and students feel confident in their use in solving

problems. Seventh, children differ in their capacity to handle a

variety of mathematical problems. Instruction should begin where

children are. Teachers should take into account Lhe strategies and

procedures children use to solve problems and build upon those

capacities.

In conclusion, our intent was to incorporate data from different

perspectives to study how children learn to add and subtract. The

picture which emerges is of children struggling to learn a variety.of

important concepts and skills. Some children are limited by their

capacity to handle information. Most are able to solve a variety of

problems by using invented strategies which have not been taught.

They dismiss or fail to see the value of the taught procedures to

solving those problems. The capacity of children for processing

information, the procedures students have invented to solve a variety

of problems, and the way in which instruction in schools is carried

out are not in tune with each other. The challenge in the future is

to change this fact. Our goal is to orchestrate instruction to that

it is in harmony with children's capacities and their strategies.

20,j
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